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1 The Khinchin (Shannon?) axioms for entropy

Note. In this course, “random variable” will mean “discrete random variable” (unless otherwise
specified).
All logarithms will be base 2 (unless otherwise specified).

Definition (Entropy). The entropy of a discrete random variable X is a quantity H[X] that
takes real values and has the following properties:

(i) Normalisation: If X is uniform on {0,1} then H[X] = 1.

(ii) Invariance: If X takes values in A, Y takes values in B, f is a bijection from A to B, and
for every a € A we have P[X = a] = P[Y = f(a)], then H[Y] = H[X].

(iii) Extendability: If X takes values in a set A, and B is disjoint from A, Y takes values in
AU B, and for all a € A we have P[Y = a] = P[X = q], then H[Y] = H[X].

(iv) Mazimality: If X takes values in a finite set A and Y is uniformly distributed in A, then
H[X] < H[Y].

(v) Continuity: H depends continuously on X with respect to total variation distance (defined
by the distance between X and Y is supg |P[X € E] — P[Y € E])).

For the last axiom we need a definition:
Let X and Y be random variables. The conditional entropy H[X | Y] of X given Y is

> Py =yH[X | Y =y].

(vi) Additivity: H[X,Y] = H[Y] + H[X | Y].

Lemma 1.1. Assuming that:
e X and Y are independent random variables

Then
H[X,Y] =H[X]+ H[Y].

Proof. HIX | Y] =3 PY =yH[X |Y =y].

Since X and Y are independent, the distribution of X is unaffected by knowing Y (so by invariance,
H[X | Y =y] = H[X]), so
H[Y | Y = ] = H[X]

for all y, which gives the result. O



Corollary 1.2. If X4,..., X, are independent, then

H[X,,..., X, =H[X]+---+H[X,]

Proof. Lemma 1.1 and obvious induction. O

Lemma 1.3 (Chain rule). Assuming that:
e Xq,...,X, are random variables

Then

H[Xy,..., X, = H[X1] + H[Xo | X1] + H[X5 | X1, Xo] + - + H[X,, | X1,..., Xn_1).

Proof. The case n = 2 is additivity. In general,
H[(X,...,X,|=H[Xy,..., Xn]) +HX, | X1,..., X,_1]

so we are done by induction. O

Lemma 1.4. Assuming that:
. Y = £(X)

Then
H[X,Y] =H[X].

Also,

H[Z | X,Y]=H[Z | X].

Proof. The map g : z — (x, f(z)) is a bijection, and (X,Y) = g(X). So the first statement follows by
invariance. For the second statement:

H[Z | X,Y] = H[Z X,Y] - HX,Y] (by additivity)
=H[Z, X] - H[X] (by first part)
=H[Z | X] (by additivity) O

Lemma 1.5. Assuming that:

e X takes only one value

Then H[X] = 0.




Proof. X and X are independent. Therefore, by Lemma 1.1, H[X, X] = 2H[X]. But by invariance,
H[X, X] = H[X]. So H[X] = 0. O

Proposition 1.6. Assuming that:
e X is uniformly distributed on a set of size 2"

Then H[X] = n.

Proof. Let X,...,X, be independent random variables uniformly distributed on {0,1}. By Corol-
lary 1.2 and normalisation, H[ X7, ..., X,] = n. But (Xy,...,X,,) is uniformly distributed on {0, 1}",
so by invariance, the result follows. O
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Proposition 1.7. Assuming that:
e X is uniformly distributed on a set A of size n

Then H[X] = logn.

Reminder: log here is to the base 2 (which is the convention for this course).

Proof. Let r be a positive integer and let X1, ..., X, be independent copies of X.
Then (X,...,X,) is uniform on A" and
H[X,,..., X, ]| =rH[X].

Now pick k such that 2¥ < n” < 28+ Then by invariance, maximality, and Proposition 1.6, we have

that
E<rH[X]<k+1.
50 k k41 k k41
clogn< BT 5 FomEpm <P vk
r T r r
Therefore, H[X] = logn as claimed. O
Notation. We will write p, = P[X = a].
We will also use the notation [n] = {1,2,...,n}.
Theorem 1.8 (Khinchin). Assuming that:
o H satisfies the Khinchin axioms
o X takes values in a finite set A
N J




Then

H[X] =) palog (pia) :

acA

Proof. First we do the case where all p, are rational (and then can finish easily by the continuity
axiom).

Pick n € N such that for all a, there is some m, € NU {0} such that p, = “=.

Let Z be uniform on [n]. Let (E, : a € A) be a partition of [n] into sets with |E,| = m,. By invariance
we may assume that X =a < Z € E,. Then

logn = H[Z]

= H[Z, X]

= H[X] + H[Z | X]

—H[X]+ ) pH[Z | X =]
acA

= H[X]+ > palog(ma)
acA

=H[X] + ) pa(logps +logn)
acA

Hence

H[X] = - palogpa = Y _ palog (p%) :

acA acA

By continuity, since this holds if all p, are rational, we conclude that the formula holds in general. [

Corollary 1.9. Assuming that:
¢ X and Y random variables

Then H[X] > 0 and H[X | Y] > 0.

Proof. Immediate consequence of Theorem 1.8. O

Corollary 1.10. Assuming that:
. ¥ = f(X)
Then H[Y] < H[X].




Proof. H[X] = H[X,Y] = H[Y] + H[X | Y]. But H[X | Y] > 0. 0

Proposition 1.11 (Subadditivity). Assuming that:
e X and Y be random variables

Then H[X,Y] < H[X] + H[Y].

Proof. Note that for any two random variables X,Y we have

H[X,Y] < H[X] + H[Y]
< H[X |Y] < H[X]
— H[Y | X] <H]Y]

Next, observe that H[X | Y] < H[X] if X is uniform on a finite set. That is because
HIX | Y] =) PlY =yH[X |Y =y
y
<) P[Y = y|H[X] (by maximality)
y
= H[X]
By the equivalence noted above, we also have that H[X | Y] < H[X] if Y is uniform.

Now let poy, = P[(X,Y) = (a,b)] and assume that all p,;, are rational. Pick n such that we can write
Pab = 2t with each mg, an integer. Partition [n] into sets E,p of size mgp. Let Z be uniform on [n].
Without loss of generality (by invariance) (X,Y) = (a,b) <= Z € Ey.

Let By = UyFEy for each b. So Y =b <— Z € E,. Now define a random variable W as follows: If
Y = b, then W € Ej, but then W is uniformly distributed in E, and independent of X (or Z if you
prefer).

So W and X are conditionally independent given Y, and W is uniform on [n].

Then
HX |Y]=H[X |Y,W] (by conditional independence)
=H[X | W] (as W determines Y)
< H[X] (as W is uniform)
By continuity, we get the result for general probabilities. O

Corollary 1.12. Assuming that:

¢ X a random variable




L Then H[X] > 0.

Proof (Without using formula). By Subadditivity, H[X | X] < H[X]. But H[X | X] = 0.

Corollary 1.13. Assuming that:
e Xi,...,X, are random variables

Then

Proof. Induction using Subadditivity.

Proposition 1.14 (Submodularity). Assuming that:
e X,Y,Z are random variables

Then
H[X |Y,Z] <H[X | Z].

Proof. Calculate:

H[X |Y,Z] = ZIP’ H[X|Y,Z =2
<ZIP’ H[X | Z = 2]
:H[X|Z]

Submodularity can be expressed in many ways.
Expanding using additivity gives the following inequalities:
H[X,Y,Z|-H[Y,Z] <H[X, Z] — H[Z]

H[X,Y, Z] (X, Z]+H[Y, Z] - H[Z]
Z

<H
H[X,Y, 7] + H|Z] < H[X, Z] + HY, Z]

H
H
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Lemma 1.15. Assuming that:

e XY, Z random variables




. Z=f¥)

Then
H[X |Y]<H[X | Z].

Proof.

[
_H[X,Y,Z] - HY, Z]
<H[X, Z] -H[Z] (Submodularity)
=H[X | Z]

Lemma 1.16. Assuming that:
e XY, Z random variables
« Z=f(X)=g(Y)

Then
H[X,Y]+H[Z] <H[X]+ HY].

Proof. Submodularity says:
H[X,Y, Z] = H[Z] < H[X, Z] + H[Y, Z]

which implies the result since Z depends on X and Y.

p
Lemma 1.17. Assuming that:

o X takes values in a finite set A
e Y is uniform on A

. H[X]=H][Y]

Then X is uniform.

Proof. Let p, = P[X = a]. Then

H[X] = p.log (pia)

a€A

1
=141 Y patos o)

acA



The function z — x log% is concave on [0, 1]. So, by Jensen’s inequality this is at most

Al(Eapa)tog () = log(|4)) = HIY.

at’a

Equality holds if and only if a — p, is constant —i.e. X is uniform. O

Corollary 1.18. Assuming that:
e X,Y random variables
« H[X,Y]=H[X]+H[Y]

Then X and Y are independent.

Proof. We go through the proof of Subadditivity and check when equality holds.

Suppose that X is uniform on A. Then
H[X | Y] =) PV =yH[X |V =y
y

< H[X]

with equality if and only if H[X | Y = y| is uniform on A for all y (by Lemma 1.17), which implies
that X and Y are independent.

At the last stage of the proof we used
HIX | Y] = HIX | Y, W] = H[X | W] < H[X]

where W was uniform. So equality holds only if X and W are independent, which implies (since ¥
depends on W) that X and Y are indpendent. O

Definition (Mutual information). Let X and Y be random variables. The mutual information
IX:Y]is
H[X] + H[Y] - H[X,Y] = H[X] - HIX | Y]
=H[Y]-H[Y | X]

Subadditivity is equivalent to the statement that I[X : Y] > 0 and Corollary 1.18 implies that I[X :
Y] =0 if and only if X and Y are independent.

Note that
HX,)Y]=H[X]+H[Y]|-I[X:Y]



Definition (Conditional mutual information). Let X, Y and Z be random variables. The
conditional mutual information of X and Y given Z, denoted by I[X : Y|Z] is

SPZ=ZIX|Z=2:Y|Z=1]
=Y PZ=zH[X|Z=2+H]Y|Z=2-HX,Y|Z=2)

=H[X | Z|+H]Y | Z]-H[X,Y | Z]
= H[X, 7] + H[Y, Z] - H[X,Y, Z] — H[Z]

N

Submodularity is equivalent to the statement that I[X : Y | Z] > 0.

10
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2 A special case of Sidorenko’s conjecture

Let G be a bipartite graph with vertex sets X and Y (finite) and density a (defined to be ||f((”GY)“ ). Let

H be another (think of it as ‘small’) bipartite graph with vertex sets U and V' and m edges.

Now let ¢ : U — X and ¢ : V — Y be random functions. Say that (¢,v) is a homomorphism if
o(x)p(y) € E(G) for every zy € E(H).

Sidorenko conjectured that: for every G, H, we have
P[(¢,) is a homomorphism| > o™.

Not hard to prove when H is K, 5. Also not hard to prove when H is Ks 5 (use Cauchy Schwarz).

[ Theorem 2.1. Sidorenko’s conjecture is true if H is a path of length 3. ]

Proof. We want to show that if G is a bipartite graph of density o with vertex sets X,Y of size m and
n and we choose z1,z2 € X, y1,y2 € Y independently at random, then

Plz1y1, z2y2, 23y3 € E(G)] > o’

It would be enough to let P be a P3 chosen uniformly at random and show that H[P] > log(a3m?n?).

Instead we shall define a different random variable taking values in the set of all P3s (and then apply
maximality).

To do this, let (X71,Y7) be a random edge of G (with X;,€ X, ¥; € Y). Now let X5 be a random
neighbour of Y7 and let Y5 be a random neighbour of Xs.

It will be enough to prove that

H[X1, Y1, Xo, Ya] > log(a®m?n?).

We can choose X1Y7 in three equivalent ways:

(1) Pick an edge uniformly from all edges.

(2) Pick a vertex a with probability proportional to its degree d(x), and then pick a random neighbour
y of z.

(3) Same with z and y exchanged.

It follows that Y; = y with probability %, so X5Y7 is uniform in E(G), so Xy = 2’ with probability

%, so X,Y5 is uniform in F(QG).

11



Therefore,
H[X, Y1, X0, Y2 = H[X;] + HY; | X1] + H[X: | Xp, V1] + H[Y: | X4, Y1, Xo]

[
[X1]+H[Y: | Xi] +H[X: | V1] + H[Y2 | X3
[(X1]+H[X,, V1] - H[X1] + H[X,, Y] - HY1] + H[Ys, Xo] — H[X5]

H
H

3H[Up(e)] — H[Y1] — H[X;)]
3H[Ug()| — H[Uy] — H[Ux]
3

= lo

v

log(amn) — logm — logn

g(a’m?n?)
So we are done my maximality.
Alternative finish (to avoid using log!):
Let X’ Y’ be uniform in X,Y and independent of each other and X1,Y7, X5,Y5. Then:

H[X1,Y2, X0, Yo, X' Y] = H[X1,Y1, X0, Y2 + H{Ux| + H[Uy]
> 3H[Ug(q))

So by maximality,
#P3s x | X| x |Y| > |E(G)].

12



3 Brégman’s Theorem

Definition (Permanent of a matrix). Let A be an n x n matrix over R. The permanent of A,

denoted per(A), is
Z H Aio‘(i)v

og€S, i=1

i.e. “the determinant without the signs”.

Let G be a bipartite graph with vertex sets X, Y of size n. Given (z,y) € Xy, let

Ay — {1 2y € E(G)
0 zy ¢ E(G)

ie A is the bipartite adjacency matrix of G.
Then per(A) is the number of perfect matchings in G.

Brégman’s theorem concerns how large per(A) can be if A is a 01-matrix and the sum of entres in the
i-th row is d;.

Let G be a disjoint union of K,,4,s fori=1,...,k, with a1 +--- + ar =n.

Then the number of perfect matchings in G is

Theorem 3.1 (Bregman). Assuming that:
e ( a bipartite graph with vertex sets X, Y of size n

Then the number of perfect matchings in G is at most

Proof (Radhakrishnan). Each matching corresponds to a bijection o : X — Y such that zo(z) € E(G)
for every x. Let o be chosen uniformly from all such bijections.

Hlo| = H[o(21)] + Hlo(22) [ o(21)] + -~ + H[o(zn) [ o(21), .-, 0(2n-1)],

where z1,...,x, is some enumeration of X.

13



Lecture 5

Then

Hio(x1)] <logd(z1)
Hlo(22) | o(21)] < Eq logdg, (2)

where
dg, (x2) = [N(z2) \ {o(z1)}].
In general,
Hlo(zi)]o(z1),...,0(xi—1) < Eglogdg, .. (x:),
where
Az, i (i) = IN(@i) \{o(z1), ..., 0(zi-1)}].
Key idea: we now regard x1,...,x, as a random enumeration of X and take the average.

For each x € X, define the contribution of = to be

log(dg, .z, (i)

where z; = = (note that this “contribution” is a random variable rather than a constant).

We shall now fix o. Let the neighbours of = be y1,...,yk.

A

Then one of the y; will be o(z), say yx. Note that df . (z;) (given that z; = z) is
d(z) — |{j : 0" (y;) comes earlier than = = o~ (ys)}|.

All positions of o~ !(y;,) are equally likely, so the average contribution of z is

L ogd(a)).

b (logd(x) +log(d(z) —1) + - +logl) = d(x)

d(x)
By linearity of expectation,

Hio] < Y ﬁlog(d(as)!),

zeX
so the number of matchings is at most




Definition (1-factor). Let G be a graph with 2n vertices. A 1-factor in G is a collection of n
disjoint edges.

Theorem 3.2 (Kahn-Lovasz). Assuming that:
e G a graph with 2n vertices

Then the number of 1-factors in G is at most

[T @@=,

zeV(QG)

Proof (Alon, Friedman). Let M be the set of 1-factors of G, and let (M7, Ms) be a uniform random
element of M?. For each M, My, the union M; U M, is a collection of disjoint edges and even cycles
that covers all the vertices of G.

Call such a union a cover of G by edges and even cycles.

If we are given such a cover, then the number of pairs (M;, M5) that could give rise to it is 2%, where
k is the number of even cycles.

Now let’s build a bipartite graph Ga out of G. G2 has two vertex sets (call them V7, V), both copies
of V(G). Join z € V5 to y € V; if and only if zy € E(G).

For example:

15



>

By Bregman, the number of perfect matchings in Go is < erv(G)(d(x)!) 77 . Each matching gives a
permutation o of V(G), such that zo(z) € E(G) for every x € V(QG).

Each such ¢ has a cycle decomposition, and each cycle gives a cycle in G. So o gives a cover of V(G)
by isolated vertices, edges and cycles.

Given such a cover with k cycles, each edge can be directed in two ways, so the number of o that give
rise to is is 2%, where k is the number of cycles.

So there is an injection from M? to the set of matchings of Gy, since every cover by edges and even
cycles is a cover by vertices, edges and cycles.
So )

M< J] @)y O

zeV (G)

16



4 Shearer’s lemma and applications

Notation. Given a random variable X = (X1,...,X,,) and A = {ay,...,ar} C [n] with
ay < ag < --- < ag, write X4 for the random variable (Xg,, Xa,,-- -, Xay)-

Lemma 4.1 (Shearer). Assuming that:
e X =(Xy,...,X,) arandom variable
o A a family of subsets of [n] such that every i € [n] belongs to at least r of the sets A € A

Then ]
H[X:,..., Xn] < = > H[X4].
A€ A

Proof. For each a € [n], write X, for (Xi,...,X4-1).
For each A € A, A ={ay,...,a;} with a; < -+- < aj, we have

H[XA] = H[Xlll] + H[XIIQ | Xal} oot H[Xak | thn cee 7Xak}

>H[X,, | Xeoy] +H[ X, | Xeo,] + -+ H[X,, | X<a,] (Lemma 1.15)
=) H[X, | X<
acA

Therefore,

D H[X4l> > > H[X, | X

AcA AcAacA

>y H[X, | X<l

a=1

= rH[X]

Lecture 6
Alternative version:

p
Lemma 4.2 (Shearer, expectation version). Assuming that:

e X =(Xy,...,X,) arandom variable

e A C [n] arandomly chosen subset of [n], according to some probability distribution (don’t
need any independence conditions!)

o foreachie [n],Plic Al >pu

17



Then
H[X] < p 'EAH[X 4].

Proof. As before,
H(X4] > > HIX, | X<dl.

acA
So
EAH[X4] > E4 Z H[X, | X 4]
acA
>p Y H[X, | X<
a=1

= pH[X]

p

Definition (P4). Let E C Z" and let A C [n]. Then we write P4E for the set of all u € Z4
such that there exists v € Z[M\4 such that [u,v] € E, where [u, v] is u suitably intertwined with
v (i.e. wUw as functions).

Corollary 4.3. Assuming that:
« ECZ"
o A a family of subsets of [n] such that every ¢ € [n] is contained at least r sets A € A

Then .
1B| < ] |PaE|".
AcA

Proof. Let X be a uniform random element of E. Then by Shearer,
1
H[X] < - .
)<+ ST HIX
AcA

But X 4 tkaes values in P5F, so
H[X ] <log|PaX,

SO
1
log|E| < — log |PAE|.
og|B| < 7 3 log PaZ]

IfA={[n]\{i}:i=1,...,n} we get

- _1
Bl < T 1Py EI7
=1

18



This case is the discrete Loomis-Whitney theorem.

Theorem 4.4. Assuming that:
e G a graph with m edges

3
Then G has at most % triangles.

Is this bound natural? Yes: if m = (g), and we consider a complete graph on n vertices, then we get

(2m)s

2
approximately “=— triangles.

Proof. Let (X1, X2, X3) be a random ordered triangle (without loss of generality G has a triangle so
that this is possible).

Let ¢t be the number of triangles in G. By Shearer,
1
IOg(Gt) = H[Xl, XQ, Xg] S i(H[Xl’ X2] + H[Xl, Xg] + H[XQ, Xg])
Each edge H[X,, X;] is supported in the set of edges G, given a direction, i.e.

5 (HIX,, X] + HIX,, X3] 4+ HIX, X)) <

N w

-log(2m). O

s D
Definition. Let X be a set of size n and let G be a set of graphs with vertex set X. Then
G is A-intersecting (read as “triangle-intersecting”) if for all G1,Gs € G, G; N G2 contains a
triangle.

Theorem 4.5. Assuming that:
. |V| =n
e G a A-intersecting family with vertex set V'

Then G has size at most 2(2) =2,

Proof. Let X be chosen uniformly at random from G. We write V(?) for the set of (unordered) pairs
of elements of V. Think of any G € G as a function from V) to {0,1}. So X = (X, :e € V?),

For each R C V, let Gg be the graph Kr U Ky\r

19



For each R, we shall look at the projection X¢,, which we can think of as taking values in the set

{GQGRZGGQ} =: Gpg.

Note that if G1,G2 € G, R C [n], then G; N G N G # 0, since G N G2 contains a triangle, which
must intersect Gg by Pigeonhole Principle.

Thus, Gr is an intersecting family, so it has size at most 2/P(Gr)=1 By Shearer, expectation version,

H[X] < 2EpH[X¢,] (since each e belongs to Gr with probability 1/2)
<2ER(|E(GRr)|—1)

(i)
_@_2 0

Definition (Edge-boundary). Let G be a graph and let A C V(G). The edge-boundary 0A of
A is the set of edges zy such that y ¢ A.

If G =7Z" or {0,1}™ and 4 € [n], then the i-th boundary 9; A is the set of edges zy € A such
that © — y = te;, i.e. 0;A consists of deges pointing in direction i.

Lecture 7

Theorem 4.6 (Edge-isoperimetric inequality in Z™). Assuming that:
e ACZ" a finite set

Then |0A| > 2n|A|"+ .

20



Proof. By the discrete Loomis-Whitney inequality,

- _1
Al < T 1Py Al

i=1
n

n n—1
1
= (H |P[n]\{i}4|">

i=1
1 n
= (n > |P[n]\{z‘}A|>
=1

But |0;A| > 2| Py iy Al since each fibre contributes at least 2.

n
n—1

So

Theorem 4.7 (Edge-isoperimetric inequality in the cube). Assuming that:
o AC{0,1}" (where we take the usual graph)
Then |0A| > |A|(n — log |A]).

Proof. Let X be a uniform random element of A and write X = (Xi,...,X,). Write X\; for
(Xl, . 7Xi_1,X,'+1, v ,Xn) By Shearer,

HIX] < —— ST HIX

1 n
= 7 2 HIX] - H[X: | X
i=1
Hence )
> HIX; | X\ < H[X].
i=1
Note 1
H[X; | X\; =u] = 1 ‘P["]\{i}(u)| =2
0 ‘P[;]l\{i}(u” =1

21



The number of points of the second kind is [9; A, so H[X; | X\;] =1 — 941 5o

=50 54)

=1
_194]
A

Also, H[X] =log |A|. So we are done. O

Definition (Lower shadow). Let A be a family of sets of size d. The lower shadow 0A is
{B:|B|=d—-1,3A € A,B C A}.

Notation. Let h(z) =zlog 1 + (1 — )log 12 (for z € [0,1]).

Theorem 4.8 (Kruskal-Katona). Assuming that:
o A= ()= W for some real number ¢

Then [0A| > (,°))-

Proof. Let X = (X4,...,X4) be a random ordering of the elements of a uniformly random A € A.

Then
H[X] = log <d! (2)) .

Note that (Xy,...,X4—1) is an ordering of the elements of some B € d.A, so

H[Xl, .. ~7Xd71] S log((d— 1)'|8A|) .

HIX,, ... Xg1] > log <(d— 1)!(df 1)) .

H[X] = H[Xla"';Xd—l] +H[Xd | Xl)"';Xd—l]

So it’s enough to show

Also,

and
HX]|=H[X |+ H[X, | X3]+ -+ H[Xs | X1,..., X4-1]

We would like an upper bound for H[X 4| X 4. Our strategy will be to obtain a lower bound for
H[X} | X<k] in terms of H[Xj41 | X<kt1]. We shall prove that

oH[Xk[ X ] > oH[Xk41]Xckia] 4 V.
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Let T be chosen independently of Xi,..., X1 with

T 0 probability p
1 probability 1 —p

(p will be chosen and optimised later).

Given Xq,..., Xx_1, let

X T =
*— k+1 0
X, T=1

Note that X} and X411 have the same distribution (given X,..., Xp_1), so X* does as well. Then

H[X; | Xcp] = H[X* | X<y
>H[X" | X<i] (Submodularity)
=H[X" T | X< (X<k and X* determine T')
=H[T | X<;] + HIX" | T, X<4] (additivity)
=H[T| + pH[X} 1 | X1,..., X4]

(1—-pH[X} | X1,..., X}]
(p) +ps

= +

Lecture 8 where h(p) :plog%} + (1 —p)log ﬁ and s = H[ X1 | Xq,..., Xi]

It turns out that this is maximised when p = % Then we get
28 log(2° + 1) 52°

(log(2° + 1) — log 2°) +

— log(2° + 1),
2 11 0g(2" +1)

2541 25+ 1
This proves the claim.
Let r = 2H[Xal X1, Xa1] - Then

HX]=H[X ]+ -+ H[Xy | X1,...,Xq-1]
> logr +log(r+1) +--- +log(r +d—1)

)

Since H[X] = log (d!(},)), it follows that

r4+d—1<t, r<t+1-—d.
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It follows that

H[Xy,...,X4-1] =log (d'<:l>> —logr

#
= log (d!d!(t i1 d)>

—og (-0, "))
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5 The union-closed conjecture

Definition (Union-closed). Let A be a (finite) family of sets. Say that A is union closed if for
any A, B € A, we have AU B € A.

Conjecture. If A is a non-empty union-closed family, then there exists x that belongs to at
least 3 |Al sets in A.

Theorem (Justin Gilmer). There exists ¢ > 0 such that if A is a union-closed family, then
there exists x that belongs to at least ¢|A| of the sets in A.

Justin Gilmer’s constant was about Wlo'

His method has a “natural barrier” of %
We will briefly and “informally” discuss this.

A reason for this is that if we weaken the property union-closed to “almost union-closed” (if we pick

two elements randomly, then with high probability the union is in the family), then ?”T‘ﬁ is the right
bound.

Let A = [n]®™) U [n]Z@p=p"=0()n)  With high probability, if A, B are random elements of [n]®™),
then |[AU B| > (2p — p* — o(1))n.

If 1 — (2p — p? — o(1)) = p then almost all of A is [n]®").
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Lecture 9

3-V5

One of the roots of the quadratic 1 — 3p +p? =0 is p = 3=

If we want to prove Justin Gilmer’s Theorem, it is natural to let A, B be independent uniformly random
elements of A and to consider H[A U B]. Since A is union-closed, AU B € A, so HAU B] < log | A|.
Now we would like to get a lower bound for H[A U B] assuming that no = belongs to more than p|.A|
sets in A.

hay) = cah(y) + yh(),  h(z®) > 2exh(z).

Lemma 5.1. Assuming that:

e ¢ > (is such that
h(zy) = c(zh(y) + yh(z))

for every =,y € [0,1]

o Ais a family of sets such that every element (of | J.A) belongs to fewer than p|.A| members
of A

Then H[AU B] > ¢(1 — p)(H[A] + H[B)).

Proof. Think of A, B as characteristic functions. Write A<y for (A4, ..., Ax_1) etc. By the Chain rule
it is enough to prove for every k that

H[(AUB)y | (AU B)<k] > c(1 — p)(H[Ay | A<i] + H[By, | B<i]).

By Submodularity,
H[(AUB)k | (AU B)<x] > H[(AU B)k | A<y, B<il].
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For each u,v € {0, 1}*~1 write p(u) = P(Ax =0 | A<y = u), q(v) = P(Bx =0 | By, = v).

Then
H[(AUB)y, | A<y = u, B<x = v] = h(p(u)q(v))

which by hypothesis is at least
c(p(u)h(q(v)) + q(v)h(p(u))).

So
H[(AUB)i | (AUB) <] > ¢ P(Ack = u)P(B<k = v) (p(u)h(q(v)) + q(v)h(p(w))) .
But
D P(Acy = u)P(Ay =0 | Acg = u) = P(A; = 0)
and

> _P(Bar =v)h(q(v)) = Y P(Ber = 0)H[By | Box = v] = H[By | By,
Similarly for the other term, so the RHS equals
c(P(Ar = 0)H[By, | B<k] + P(By, = 0)H[Ay | A<k]),
which by hypothesis is greater than
(1 —p)(H[Ag | Ack] + H[By, | B<k])

as required. O

This shows that if A is union-closed, then ¢(1 —p) < 3, so p > 1 — 5-. Non-trivial as long as ¢ > 3.

We shall obtain ﬁ We start by proving the diagonal case —i.e. when z = y.

Lemma 5.2 (Boppana). For every = € [0,1],

h(z?) > ¢xh(z).

Proof. Write ¢ for =1 = ¥3=1. Then ¢? = 1 — ¢, so h()?) = h(1 — ) = h(¢) and ¢ = 1, so
h(y?) = ¢1ph(v)). Equality also when x = 0, 1.
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Toolkit:

In2h(z) = —zlnz — (1 —z)In(1 — x)
In2h (z) = —Inz—1+In(l—z)+1
=In(l—z)—Inz

1 1
In th = —— -
(x) T

1—2x

1 1
In 2" _ - s
n2h" (x) il cpp

Let f(x) = h(z?) — ¢xh(z). Then

F/(2) = 200 (a) — Gh(a) — ou(z)
() = 2n' (2?) + 42®h" (2?) — 2¢h' (x) — pxh” (z)
" (x) = 4ah” (2?) + 8z (x?) + 823h" (2?) — 3¢h" () — pah’ ()
= 122h" (2*) + 82°h"" (2?) — 3¢h" (x) — pxh’ ()
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Lecture 10

So

1 —12 8x3(1 — 222 3¢ ¢pa(l —2
In2f""(2) = 77— ;4((1 - 1%2) w(l-a) wfgl - 1?;?
~12 8(1 — 222) 3¢ ¢(1 — 2z)

x(1 — x?) * z(1—22)2  2z(1-2z) 2z2(1—x)?
—12(1 — 2?) + 8(1 — 22?) + 3¢(1 — 2)(1 + z)? — ¢(1 — 22)(1 + z)?
z(1—2)2(1+2)?

This is zero if and only if
—124 1222 + 8 — 1622 + 3¢(1 + = — 2* — %) — ¢(1 — 32% — 22°) =0

which simplifies to
—¢a® — 42® + 3¢px — 4+ 20 = 0.

Since this is a cubic with negative leading coefficient and constant term, it has a negative root, so it
has at most two roots in (0,1). It follows (using Rolle’s theorem) that f has at most five roots in [0, 1],
up to multiplicity.

But
f'(z) = 2z(log(1 — 2?) —logx?) + ¢(xlogz + (1 — x)log(1 — z)) — ¢px(log(l — z) — log z).
So f’(0) =0, so f has a double root at 0.

We can also calculate (using 2 + v = 1):

J' () = 2¢(logp — 2log ) + ¢p(¥ logh + 2(1 — ¢) log 1) — (2log ¥ — log 1))
= —2¢logy 4+ logy + 2¢logy — 2log iy — log v
=2log(~¢+ ¢ —1)
— 29 logy(—¢)® + 1 — ¢)
=0

So there’s a double root at 1.
Also, note f(1) =0.
So f is either non-negative on all of [0, 1] or non-positive on all of [0, 1].

If x is small,

1 1 1
2 2
f(:c):xlogszr(lfx)log fgi)x(xlog;Jr(lfx)logl_x)

1—22

o, 1 o, 1 2

= 22°log — — ¢x*log — + O(x?)
x x

so there exists x such that f(x) > 0. O
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L Lemma 5.3. The function f(z,y) = % is minimised on (0, 1)? at a point where x = y. J

Proof. We can extend f continuously to the boundary by setting f(x,y) = 1 whenever z or y is 0 or
1. To see this, note first that it’s valid if neither = nor y is 0.

If either x or y is small, then

h(xy) = —xy(logx + logy) + O(zy)
zh(y) + yh(z) = —z(ylogy + O(y)) — y(xlogz + O(x))
= h(z) + O(zy)

So it tends to 1 again.
One can check that f (%, %) < 1, so f is minimised somewhere in (0, 1)2.
Let (z*,y*) be a minimum with f(z*,y*) = a.

Let g(z) = @ and note that

__ 9y
09 = 5y + oty

Also,
g(zy) —a(g(z) +g(y)) > 0

with equality at (z*,y*). So the partial derivatives of LHS are both 0 at (z*,y*).

a 0
g (z"y") —ag'(y*) =0

So z*¢'(z*) = y*¢'(y*). So it’s enough to prove that zg'(z) is an injection. ¢'(z) = hlfcz) — ha(c;”), 0
h
g/ () = () - "0

xlogz + (1 —xz)log(l — x)
T

=log(l —x) — logx +

~ log(1—x)
B x
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Differentiating gives
-1 log(x —1) —x—(1—x)log(l —x)
z(1—x) x? B x2(1 —x) '

The numerator differentiates to —1 + 1+ log(1 — ), which is negative everywhere. Also, it equals 0 at
0. So it has a constant sign. O

Combining this with Lemma 5.2, we get that

h(zy) >

2 (wh(y) + yh).

This allows us to take 1 — é =1- @ = 372\/5.
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6 Entropy in additive combinatorics

We shall need two “simple” results from additive combinatorics due to Imre Ruzsa.

-

Definition (Sum set / difference set / etc). Let G be an abelian group and let A, B C G.
The sumset A+ B is the set {x +y:a € A,y € B}.

The difference set A — B is the set {x —y: 2z € A,y € B}.
We write 2A for A+ A, 3A for A+ A+ A, etc.

Definition (Ruzsa distance). The Ruzsa distance d(A, B) is

A - B
A2 |B]2

Lemma 6.1 (Ruzsa triangle inequality). d(A,C) < d(A, B) +d(B,C).

Proof. This is equivalent to the statement

|A—Cl[B| < |A-B||B-C]

For each x € A — C, pick a(z) € A, ¢(z) € C such that a(r) — ¢(r) = . Define a map

$:(A—C)xB— (A—B,B-0)

(z,0) = (a(x) = b,b — c(x))

Adding the coordinates of ¢(z,b) gives z, so we can calculate a(z) (and ¢(x)) from ¢(z,b), and hence
can calculate b. So ¢ is an injection.

O

Vs

Lemma 6.2 (Ruzsa covering lemma). Assuming that:

e G an abelian group

e A, B finite subsets of G

Then A can be covered by at most |A‘J]§|B|

translates of B — B.

~N

Proof. Let {1, ..

Then if a € A, there exists 4 such that (a + B) N (z; + B) # 0. Then a € x; + B — B.

.,z } be a maximal subset of A such that the sets x; + B are disjoint.

So A can be covered by k translates of B — B. But

|B|k = |{.’L‘1,..

Lapt+ Bl < |A+B|.

CA+B
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Lecture 11

Let X, Y be discrete random variables taking values in an abelian group. What is X +Y when X and
Y are independent?

For each z, P(X +Y = 2) = > . _ P(X = 2)P(Y = y). Writing p, and ¢, for P(X = z) and
P(Y = y) respectively, this givesim iﬁyzz Pzqy = P * q(z) where p(x) = p, and ¢(y) = z,,.

So, sums of independent random variables <> convolutions.

e N
Definition (Entropic Ruzsa distance). Let G be an abelian group and let X, Y be G-valued
random variables. The entropic Ruzsa distance d[X;Y] is

H[X — Y] %H[X] - %H[Y]

where X/, Y’ are independent copies of X and Y.

Lemma 6.3. Assuming that:

e A, B are finite subsets of G

e X, Y are uniformly distributed on A, B respectively
Then

d[X;Y] <logd(A, B).

Proof. Without loss of generality X, Y are indepent. Then
1 1
dX;Y]=H[X -Y] - §H[X] — §H[Y]

1 1
<log|A - B| - ilogAf ilogB
=logd(A, B) O

Lemma 6.4. Assuming that:
e X, Y are G-valued random variables

Then
H[X +Y] > max{H[X],H[Y]} - I[X : Y].
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Proof.

H[X +Y]

%

HX +Y |Y] (by Subadditivity)
H[X +Y,Y] -H[Y]

HIX,Y] - H[Y]
H|
H|

X]+H[Y] - H[Y] - I[X : Y]
X]-I[X:Y]

By symmetry we also have

H[X +Y]>H[Y] - I[X : Y] O

-

Corollary. Assuming that:
e X, Y are G-valued random variables

Then:
H[X — Y] > max{H[X]|,H[Y]} - I[X : Y].

Corollary 6.5. Assuming that:
e X, Y are G-valued random variables

Then

d[X;Y] > 0.

Proof. Without loss of generality X, Y are independent. Then I[X : Y] =0, so

H[X — Y] > max{H[X], H[Y]}
1

> S(H[X] + H[Y]) 0

Lemma 6.6. Assuming that:
e X, Y are G-valued random variables

Then d[X;Y] =0 if and only if there is some (finite) subgroup H of G such that X and Y are
uniform on cosets of H.

Proof.

< If X, Y are uniform on = + H, y + H, then X’ —Y” is uniform on z — y + H, so

So d[X;Y] = 0.
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= Suppose that X, Y are independent and H[X — Y] = 1(H[X] + H[Y]).
From the first line of the proof of Lemma 6.4, it follows that H[X —Y | Y] = H[X — Y. Therefore,
X —Y and Y are independent. So for every z € A — B and every y1,y2 € B,
PX =Y =z2|Y=y)=PX-Y=2z[Y=y)
where A = {z: p, # 0}, B={y: g, # 0}, i.e. for all y1,y2 € B,
PX =y1+2)=P(X =y2+ 2).
So p, is constant on z + B.
In particular, A D z + B.
By symmetry, B D A — z.

So A=B+zforany z€ A—B. Soforeveryz € A,ye BA=B+x—y,s0 A—xz=B—y. So
A — z is the same for every x € A. Therefore, A —x = A — A for every x € A.

It follows that
A-A4+A-A=A-z)—(A—xz)=A—- A

So A — A is a subgroup. Also, A=A —A+¢,s0 Aisacoset of A—A. B=A+ 2,50 Bisalsoa
coset of A — A. O

Recall Lemma 1.16: If Z = f(X) = g(Y), then:
H(X, Y]+ H[Z] < H[X] + H[Y].

Lemma 6.7 (The entropic Ruzsa triangle inequality). Assuming that:
e X.,Y, Z are G-valued random variables

Then
d[X;Z) <d[X;Y]+d]Y; Z].

Proof. We must show that (assuming without loss of generality that X, ¥ and Z are independent)
that

HIX — 7] — %H[X] - %H[Z] < H[X - Y] - %H[X] - %H[Y] FH[Y - 7] - %H[Y] - %H[Z},
i.e. that
H[X - Z] + H[Y] <H[X - Y] + H]Y — Z]. (+)

Since X — Z is a function of (X —Y,Y — Z) and is also a function of (X, Z), we get using Lemma 1.16
that
HX-YY-ZX,Z|+HX -Z]|<H[X-Y,Y - Z|+ HX, Z].

This is the same as
HX,Y,Z|+H[X - Z]|<H[X,Z]+ HX -Y,Y - Z].

By independence, cancelling common terms and Subadditivity, we get (x). O
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Lemma 6.8 (Submodularity for sums). Assuming that:
e X.,Y, Z are independent G-valued random variables

Then
HX+Y+Z|+H[Z] <H[X + Z]+ H[]Y + Z].

Proof. X +Y + Z is a function of (X + Z,Y) and also a function of (X,Y 4 Z). Therefore (using
Lemma 1.16),

HX+ZYX,Y+Z+HX+Y 4+ Z]<HX +Z Y]+ H[X,Y + Z].

Hence
HX,Y,Z|+HX+Y+Z|<HX+ Z]|+HY]+ HX]+ H]Y + Z].

By independence and cancellation, we get the desired inequality. O

Lecture 12

Lemma 6.9. Assuming that:
e @ an abelian group
e X a G-valued random variable

Then

d[X;—X] <2d[X; X].

Proof. Let X7, X2, X3 be independent copies of X. Then

4L - X] = H[X, 1 X - LHX] - LHIX)

< H[X; + X, — X3] — H[X]
< H[X; — X3] + H[X; — X3] — H[X;] — H[X]
= 2d[X; X]

(as X1, X5, X3 are all copies of X). O

Corollary 6.10. Assuming that:
e X and Y are G-valued random variables

Then
d[X;-Y] <5d[X;Y].
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Proof.

dIX; Y] < d[X;Y] +d[Y; Y]
< d[X;Y]+2d[Y;Y]
< d[X;Y]+2(d[Y; X] +d[X;Y])
=5d[X;Y]

Conditional Distances

p
Definition (Conditional distance). Let X, Y, U, V be G-valued random variables (in fact, U and
V don’t have to be G-valued for the definition to make sense). Then the conditional distance is
dX |U;Y | V] =) PU=uP[V=0ld[X |U=wY |V =0
N

The next definition is not completely standard.

( Definition (Simultaneous conditional distance). Let X,Y,U be G-valued random variables.
The simultaneous conditional distance of X to'Y given U is
diX;Y|U] = ZIP’ X |U=w;Y |U=u].
We say that X', Y/ are conditionally independent trials of X, Y given U if:
o X' is distributed like X.
o Y’ is distributed like Y.
o For each u e U, X' | U = u is distributed like X | U = u,
o Foreach ue U, Y’ | U = u is distributed like Y | U = w.
o X'|U=wandY’|U = u are independent.
Then
dX;Y|U=HX'-Y'"|U] - %H[X’ | U] — %H[Y’ | U]
(as can be seen directly from the formula).
.
Lemma 6.11 (The entropic BSG theorem). Assuming that:
e A and B are G-valued random variables
Then
d[A;B || A+ B] < 3I[A: B] +2H[A + B] - H[A] — H[B].
N
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Remark. The last few terms look like 2d[A; —B]. But they aren’t equal to it, because A and
B aren’t (necessarily) independent!

Proof.
1 1
dlA;B|| A+ B|=H[A'—B'| A+ B] — 5H[A’ | A+ B] — §H[B’ | A+ B]
where A’, B’ are conditionally independent trials of A, B given A + B. Now calculate

H[A" | A+ B]=H[A| A+ B]
[A,A+ B] —H[A + B]
(4,

(A

B] —H[A+ B]

H
H
H[A] + H[B] — I[A : B] — H[A + B]

Similarly, H[B’ | A+ B] is the same, so sH[A" | A+ B] + 1H[B' | A+ B] is also the same.
H[A'-B'| A+ B] <H[A - B'].

Let (A1, By) and (Asg, Bs) be conditionally independent trials of (A, B) given A+B. Then H[A'—B’'] =
H[A; — Bs]. By Submodularity,

H[A, — B3] <H[A; — By, A| + H[A, — By, B1| — H[A1 — By, A1, B1]

[
H[A; — By, A1] = H[A1, By
< H[A,] + H[By]
= H[A] + H[B]
H[A, — By, B1] = H[A2 — By, By] (since A1 + By = As + Bs)
= H[A2, By]
< H[A] + H[B]
Finally,

H[A;, — By, A1, B1] = H[A1, By, Az, Bo]
=H[Ay, B, A3, By | A+ B] + H[A + B]
= 2H[A, BJA+ B + H[A + B] (by conditional independence of (A1, By) and (As, Bs))
=2H[A, B| — H[A + B]
— 9H[A] + 2H[B] - 2I[A : B] - H[A + B

Adding or subtracting as appropriate all these terms gives the required inequality. O

Lecture 13
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7 A proof of Marton’s conjecture in Fj

We shall prove the following theorem.

Theorem 7.1 (Green, Manners, Tao, Gowers). There is a polynomial p with the following
property: If n € Nand A C F} is such that |A + A| < C|A|, then there is a subspace H C F¥
of size at most |A| such that A is contained in the union of at most p(C') translates of H.
(Equivalently, there exists K C Fy, |K| < p(C) such that A C K + H).

This is known as “Polynomial Freiman—Ruzsa”.

In fact, we shall prove the following statement.

e 2
Theorem 7.2 (Entropic Polynomial Freiman-Ruzsa). There exists an absolute constant o
satisfying the following: Let G = [} and let X,Y be G-valued random variables. Then there
exists a subsgroup H of G such that

d[X;Ug) + dUn; Y] < od[X; Y]

where Ug is the uniform distribution on H.

Lemma 7.3. Assuming that:

e X a discrete random variable (and write p, for P(X = z))

Then there exists x such that p, > o—HIX]

Proof. If not, then
1
H[X] = me log (ZT) > H[X] sz = H[X],

contradiction. O

[ Proposition 7.4. Theorem 7.2 implies Theorem 7.1. ]

Proof. Let A CF%, |A+ A| < C|A|. Let X and Y be independent copies of U. Then by Theorem 7.2,
there exists H (a subgroup) such that

d[X;Ug] + d[Un; X] < ad[X;Y]

SO
d[X;Un] < SdIX:Y).
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But
dX;Y]=H[Us — U} — H[U4]

=H[Us + U, —H[U4] (characteristic 2)
< log(CA[) —log |A|
=logC

So d[X;Ug] < %. Therefore

1 1 log C
HIX + Uy] < SHIX] + SH[Ux) + a 02g
1 1 alogC
7510g|A|+§10g|H\+ 5

Therefore, by Lemma 7.3, there exists z such that
1

P(X + Uy = 2) > |A|"3|H|"3C"%.

But
|[AN(z—H)| |An(z+ H)|
| Al H| |Al|H]

(using characteristic 2). So there exists z € G such that

|AN (z+ H)| > C~5|A|?|H|z.

Let B= AN (z+ H). By the Ruzsa covering lemma, we can cover A by at most |
|A

B+ B.But BCz+ Hso B+ BCH+ H=H,so A can be covered by at most B

H.

But using B C A,
|A+ B| <|A+ Al < CJA]

So )
A+Bl . CIAL g lal

Bl T Ccs|A]2|H]> |H|?

Since B is contained in z 4+ H, ) )
|H| > C~%|AJ|H|

so [H| > C~*|A4|, so
1
C5+1 A2 < Cotl
CiH

If |H| < |A| then we are done. Otherwise, since B C A,

4] > C7# A H|2
so |H| < C*|A.

[A]

B
+

|[A+B]|

[
Bl

translates of

translates of

Pick a subgroup H' of H of size between ‘5 and |A|. Then H is a union of at most 2C* translates of

H', so A is a union of at most 202%*! translates of H’.
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Lecture 14

Now we reduce further. We shall prove the following statement:

r

Theorem 7.5 (EPFR’). There is a constant n > 0 such that if X and Y are any two Fj-valued
random variables with d[X ;Y] > 0, then there exists F}-valued random variables U and V' such
that

dlU; V] +n(d[U; X] +d[V;Y]) < d[X;Y].

~

Proposition 7.6. EPFR/(n) = EPFR(n1!).

Proof. By compactness we can find U, V such that

x,y|U; V] = d[U; V] + n(d[U; X] + d[V;Y])

is minimised. If d[U; V] # 0 then by EPFR/(n) there exist Z, W such that 7y v [Z; W] < d[U; V.

But then
xy[Z; W] =d[Z; W] +n(d]Z; X] + d[W;Y])
< d[Z; W] +n(d[Z; U] + d[W; V]) +n(d[U; X] + d[V; Y])
(by The entropic Ruzsa triangle inequality)
< d[U; V] +n(d[U; X] + d[V;Y])
= Txyy[U; V]
Contradiction.

It follows that d[U; V] = 0. So there exists H such that U and V are uniform on cosets of H, so

n(d[Ug; X] 4+ d[Un; Y]) < d[X;Y],

which gives us EPFR(n™1).

-

Definition. Write 7x y [U|Z; V|W] for

> PIZ = 2PW = wlrx v [U|Z = % VIW = u]
Z,W

Definition. Write 7x y [U; V|| Z] for

ZIP’[Z =zlrxy|[Ulz =2z, V|Z = 2]
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it for some pair of random variables (e.g. of the form U|Z = z and V|W = w).

Remark. If we can prove EPFR’ for conditional random variables, then by averaging we get

Lemma 7.7 (Fibring lemma). Assuming that:
e (G and H are abelian groups
e ¢: G — H a homomorphism
e let X, Y be G-valued random variables.

Then

d[X; Y] = d[p(X); 9(Y)] + d[X[¢(X); Y|¢(Y)] + I[X =Y : ¢(X), ¢(Y) | $(X) — &(Y)].

Proof.
d[X:Y] = H[X — Y] — %H[X} ~ Lapy

= H[p(X) — 6(¥)] + HIX ~ Y [ 6(X) ~ 6(¥)] - S HIH(X)]
~ JHIX | 6(X)] ~ JH[B(Y)] - JHY | 6(V)]

= d6(X); (V)] + dIX | 6(X):¥ | 9(¥)] + HIX ¥ | 6(X) — 6(¥)]
SHX Y [ 6(X), 6(Y)]

But the last line of this expression equals

H[X Y [ ¢(X)—o(Y)]|-H[X =Y | $(X), ¢(Y), o(X) = (V)] = I[X =Y : ¢(X), ¢(Y) | $(X) —o(Y)].

-

O
We shall be interested in the following special case.
N
Corollary 7.8. Assuming that:
e G =TF% and X;, Xo, X3, X4 are independent G-valued random variables
Then
d[(X1, X2); (X3, X4)] = d[X1; X3] + d[X2; X4]
= d[Xl + Xo; X3+ X4] =+ d[Xl | X1+ X9, X3 | X3+ X4]
+I[X + X3, Xo + Xy 0 Xy + Xo, Xa + Xy | X7 + Xo + X3 + X4
()
J
Proof. Apply Lemma 7.7 with X = (X, X3), Y = (X35, X4) and ¢(z,y) =z + y. O
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We shall now set W = X1 + X5 + X3 + X4.
Recall that Lemma 6.11 says
diX;Y | X4+Y]<3[X:Y]+2H[X +Y] - H[X] - H[Y].

Equivalently,

IX:Y]>-(dX;Y || X +Y]+H[X] +H[Y] - 2H[X + Y.

1
3
Applying this to the information term (x), we get that it is at least

1
g(d[Xl + X3, Xo + Xy Xq 4+ Xo, Xg + Xy || Xo+ X3, W]+ H[X; + X3, X0 + Xy | W]
+H[X; + Xo, X3+ X4 | W] - 2H[X, + X3, X5 + X3 | W)

which simplifies to

1
g(d[Xl + X3, Xo + Xas Xu + Xo, X3 + Xy || Xo+ X3, W]+ H[Xy + X5 | W]

+H[X, 4+ X, | W] - 2H[X, + X3 | W])
Lecture 15 So Corollary 7.8 now gives us:
d[X1; X3] + d[Xa; Xy] > d[X1 + Xo; X3 + Xo] +d[X7 | X1 + Xo; X3 | X4]
%(d[)ﬁ + Xo; X1 + X3 || Xo+ X3, W]
+H[X, + X | W]+ H[X; + X3 | W] -H[X2 4+ X35 | W])
Now apply this to (X7, Xo, X3, X4), (X1, X2, X4, X3) and (X3, X4, X3, X2) and add.
We look first at the entropy terms. We get

2H(X: + Xo | W]+ H[X: + Xy | W+ H[X: + X5 | W+ H[X; + Xy | W]+ H[X; + Xo | W]
—2H[X1 + X5 | W} —2H[X2—|—X4 | W] —2H[X1+X2 | W]
=0

where we made heavy use of the observation that if ¢, j, k,[ are some permutation of 1,2, 3,4, then
HX, + X, | W] =H[X,+X; | W].
This also allowed use e.g. to replace
d[X1 + Xo, X3+ Xg; Xu + X3, Xo + Xy || Xo + X3, W]

by
d[Xl + Xo; X7 + X3 || Xo + X3, W]

Therefore, we get the following inequality:
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Lemma 7.9.

> 2d[X1 + Xo; X3 + X4] ol d[Xl + X4 Xo + Xg]
+2d[X1 | X1 +X2;X3 | X3 +X4] +d[X1 | X1 +X4;X2 | XQ +X3]

1
+ g(d[X1 + Xo; X7 + X3 || X5 +X3,W] +d[X1 + Xo; X7 + Xy || X5 +X4,W]

—+ d[Xl +X4;X1 + X3 || X3 + X4,W])

Proof. Above. O

Now let X1, X5 be copies of X and Y7,Y5 copies of Y and apply Lemma 7.9 to (X1, Xo,Y7,Y2) (all
independent), to get this.

Lemma 7.10. Assuming that:

e X1, X5, Y1,Ys satisfy: X7 and X5 are copies of X, Y7 and Y5 are copies of Y, and all of
them are independent

Then
6d[X;Y]
> 2d[X1 + Xo; Y1 + }/2] + d[Xl + Y5, Xo + Yl]
+2d[X1 ‘X1+X2;Y1 | Yi +Y2] +d[X1 | X1+ Y1, Xo | XQ-‘FYQ]

2
+ gd[Xl + X Xa+ Y || Xo+ Y1, X +Y5)

1
+ gd[Xl +Y5; X1+ Y2 || X1+ Xo, Y1 + Y]

OR? TODO: figure out which is correct
6d[X;Y]
2 2d[X1 + XQ; Y1 -+ YQ] -+ d[Xl + Yl;XQ + YQ]
+2d[X1 | Xq1+ XY | Y1+ Yo +d[X1 | X1+ Y1 X | Xo + V5]

2
+§d[X1+X2|X1—|—Y1;X2+Y1|X1—|—Y2]

1
—i—gd[Xl-i-Y1 | X1 +Y, X -1+ X, | Y1 +Y3)

Proof. Use above. O
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Recall that we want (U, V') such that

xv|U; V] =d[U; V] +n(d[U; X] 4+ d[V;Y])
< d[X;Y]

Lemma 7.10 gives us a collection of distances (some conditioned), at least one of which is at most
gd[X; Y]. So it will be enough to show that for all of them we get

diU; X] +d[V; Y] < Cd[X; Y],

for some absolute constant C'. Then we can take n < %

- N
Definition (C-relevant). Say that (U, V) is C-relevant to (X,Y) if

diU; X] +d[V; Y] < Cd[X;Y].

s 2
Lemma 7.11. (Y, X) is 2-relevant to (X,Y).

\ J

Proof. d[Y; X]+d[X;Y] = 2d[X;Y]. O

- N

Lemma 7.12. Assuming that:
e U,V, X be independent Fj-valued random variables

Then

dU + V; X] < = (d[U; X] + d[V; X] + d[U; V]).

N =

Proof.
dU +V; X] = H[U +V + X] - %H[U+V] - %H[X]
—H[U +V + X] —H[U+V}+%H[U+V] —%H[X]

< %H[U +X] - %H[U] 4 %H[V +X]— %H[V] 4 %H[U V) - %H[X]

%(d[U; X+ d[V; X] + d[U; V]) 0

Corollary 7.13. Assuming that:
o (U,V) is C-relevant to (X,Y)

o Uy,Us, V1, V5 are independent copies of U, V
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[ Then (U; + Uz, Vi + Va) is 2C-relevant to (X,Y).

Proof.
dlUy + Uz; X] +d[V1 + Va; Y]
1
< §(Qd[U; V]+dU; Ul +2d[V;Y]+d[V;V])  (by Lemma 7.12)

< 2(d[U; X]+d[V;Y]) (by The entropic Ruzsa triangle inequality)
< 2Cd[X;Y]

[ Corollary 7.14. (X; + X3,Y7 + Y5) is 4-relevant to (Y, X).

Proof. (X,Y) is 2-relevant to (Y, X), so by Corollary 7.13 we’re done.

Corollary. Assuming that:
e (U,V) is C-relevant to (X,Y)
Then (U + V,U + V) is (3C + 2)-relevant to (X,Y).

Proof. By Lemma 7.12,
AU+ V; X]4+d[U + VY] < - (d[U; X] 4+ d[V; X] +d[U; Y] + d[V; Y] + 2d[U; V])
< —(2d[U; X]+ 4d[U; V] + 2d[V;Y))

< —(6d[U; X] + 6d[V; Y] + 4d[X; Y])

NN~ DN

Lecture 16

Corollary 7.15. Assuming that:
o (U,V) is C-relevant to (X,Y)
Then (U 4+ V,U 4+ V) is 2(C + 1)-relevant to (X,Y).
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Proof.

dU + V: X] < S(d[U; X] + d[v; X] + d[U: V])

2
< %(d[U;X] +d[V; Y] +d[X; Y]+ d[U; X]+d[X; Y]+ d[V;Y])
=d[U; X]+d[V;Y] +d[X;Y]
Similarly for d[U + V;Y]. O
- N

Lemma 7.16. Assuming that:
e U,V, X are independent Fy-valued random variables

Then

dU | U+ V; X] < =(d[U; X] + d[V; X] + d[U; V]).

N

Proof.
dw¢U+vmjgHw+x¢U+W—%Hw|U+m—%HW]
§HW+M—%mm—%mw+%HW+W—%MM

Buw dlU |U+V;X]=d[V |U+V;X], soit’s also

1 1 1 1
<H[V +X] - SH[U] - SH[V]+ JH[U + V] - JH[X].
Averaging the two inequalities gives the result (as earlier). O
( 2

Corollary 7.17. Assuming that:
e U,V are independent random variables
e (U,V)is C-relevant to (X,Y)
Then
(i) (U1 | Uy + Uy, Vi | Vi + V3) is 2C-relevant to (X,Y).

(ii) (Up | Uy +V1,Us | Uz + Va) is 2(C + 1)-relevant to (X,Y).

Proof. Use Lemma 7.16. Then as soon as it is used, we are in exactly the situation we were in when
bounding the relevance of (Uy + Uz, V1 + Va) and (U + V4, Uz + Va). O

47



It remains to tackle the last two terms in Lemma 7.10. For the fifth term we need to bound
dX1+Xo | Xo+ Y1, X1 + Y, X|+d[X1+ Y1 | Xo+ Y7, X1 + Yo Y.
But first term of this is at most (by Lemma 7.12)

1
§(d[X1,X2 —|—Y1,X1 —|—Y2]X+d[X2 | X1 —|—Y1,X1 —|—Y2,X] —|—d[X1,X2 || X2 —|—1/1,X1 —I—}/QD

By The entropic Ruzsa triangle inequality and independence, this is at most

< d[Xy | Xy + Yo X+ d[Xa | X + Y X
— 2d[X | X+ X]

Now we can use Lemma 7.16, and similarly for the other terms.

In this way, we get that the fifth and sixth terms have relevances bounded above by AC for an absolute
constant A.
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