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What is analytic number theory?

o Study of number-theoretic problems using analysis (real, complex, Fourier, ...)

e Also tools from combinatorics, probability, ...

What kind of problems are studied?

A variety of problems about integers, especially primes.

o Are there infinitely many primes? (Euclid, 300BC)
o Are there infinitely many primes starting with 7 in base 10?7 (follows from prime number theorem)
o Are there infinitely many primes ending with 7 in base 107 (follows from Dirichlet’s theorem)

o Are there infinitely many primes with 49% of the digits being 7 in base 10?7 would follow from
the Riemann hypothesis

o Are there infinitely many pairs of primes differing by 2? (twin prime conjecture)

Key feature: To show that a set (of primes) is infinite, want to estimate the number of elements < x.

e N
Definition. Define
7(x) = |{primes < z}| = Z 1.
p<w
Euclid showed: lim,_, 7(z) = 0.
- N

Theorem (Prime number theorem).

lim 78T _

T—00 x
N J
m(x) ~ e~ (Conjectured: Legendre, Gauss. Proved: Hadamard, de la Vallée Poussin)



1 Estimating Primes
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On the other hand, using 1 + x < e, so
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Comparing these two bounds gives

Z 1 > loglog(N —1) — C.
b

p<N

Then letting N — oo gives the desired result.

Theorem (Chebyshev’s Theorem).




L (for > 2, where ¢ is an absolute constant).

Proof. Consider

for N € N. We have

On the other hand,

where a, (V) is the largest j such that p | (%{,V) We have a,(N) =1 for p € (N, 2N]. So

(log4)N > Z log p.
N<p<2N

Take N = [£], for x > 2. Hence

Z logp < (log4) {g—‘ +logz < (log4)§ +log4 + log .

r<p<l2z

Then

r T
77?,...)

Z < Z ((log 4)% + log x) (telescoping summation, take g,

< i<l
p<e o<j<loas

< (log4)z + (logz)? + 1

[\)
[\
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So for x > 2 and a suitable large enough constant ¢/, we have

Z < (log4)z + ¢ (log ).

p<z



Hence

Z logp < (log4)z + ¢ (log x)?
Tow )2 <P=7

— 1og® (ﬂx) 7 ((logxx)2>) < (log4)z + ¢ (log z)?

= 7(x) <

(log z)*
—+c

T 1 (log4
7 o8ty Toga)? 108 ooy

)
< (log4 +¢)

x
log x
for any ¢, as long as © > x(¢).

Take ¢ = 1. Choose ¢ > 0 large enough.

1.1 Asymptotic Notation

p
Definition 1.1 (Big O and little o notation). Let f,g,h:S — C, S C C.
Write f(z) = O(g(x)) if there is ¢ > 0 such that |f(z)| < ¢|g(x)| for all z € S.
Write f(z) = o(g(z)) if for any € > 0 there is . > 0 such that |f(z)| < e|g(z)| for z € S,
|z| > ..
Write f(z) = g(z) + O(h(x)) if f(x) — g(x) = O(h(x)) and write f(x) = g(z) + o(h(x)) if
f(@) = g(x) = o(h(z)).

\

P

Definition 1.2 (Vinogradov notation). Let f,g,h: S — C, S C C.
Write f(2) < g(2) or g(z) > £(z) if f(z) = O(g(x)).

Example.

1 . . log 100
o (logz)'00 < exp(viogr) < ztwo (z < 1), since limgoo %
eXP(V}ng) =0.

x 100

limg o0
e 100z +100 € 7 < 155 (for x > 1).
o e =1+xz+0(z?) for z € [-10,10], since e® =1+ x4+ Y -, ‘%
e |z] =2+ 0() for z € R (since |z]| € (z — 1,z]).

. ITH:l—Q—o(l) (for x > 1).



s )
Lemma. Let f,g,h,u:S — C.

(i) If f(z) = O(g(x)) and g(x) = O(h(z)), then f(x) = O(h(x)) (transitivity).
(i) If f(z) = O(h(z)) and g(z) = O(u(z)), then f(z) + g(x) = O(|h(x)] + [u(@)])-
(iif) If f(z) = O(h(z)) and g(x) = O(u(z)), then f(z)g(x) = O(h(z)u(x)).

N J

Proof. Follows from the definition in a straightforward way. Example:

(ii)) [f(2)] < erlh(@)], [9(2)] < colu(z)]. Then |f(z)g(x)] < crea|h(x)u(z)], so f(x)g(x) = O(h(ﬂﬂ)U(x)E)]-

1.2 Partial Summation

s N
Lemma 1.3 (Partial Summation). Assuming that:

e (@p)nen are complex numbers
e x2>y>0
e f:]y,z] = C is continuously differentiable

Then

x

S anf(n) = A@)f() — AW) ) / A(t) (),

y<n<z Y

where for t > 1, we define
Lt]

A(t) = Zan = Z:lan.

n<t

Proof. Tt suffices to prove the y = 0 case, since then

Z anf(n) = Z anf(n) — Z anf(n).

y<n<z 0<n<x 0<n<y

Suppose y = 0. By the fundamental theorem of calculus,

o0 = ) - | "yt = / PO L ().



Summing over n < x, we get

S anf0) = A@)f @) = [ 10 | 3 b (than |

— A@)f() - / " FnAd
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Lemma. If z > 1, then

1 1
Zlogz+’y+0<),
n %

n<z

where 7 € R is Euler’s constant, which is given by v = limy_, o Ziv=1 % —log N.

Proof. Apply Partial Summation with a, =1, f(t) = %, y= % Clearly A(t) = [t]. Then,

1 T Tt
S =t [

 zro() /wt—{t}
= + at
1

T t2
1 x
:1+O<)+10gw—/ gdt
T 1 t

< {t 1
=1+logz — {z}dt+0<)
1 t X

I . oo {t} 0 1 _ 1
The last equality is true since [~ 3Fdt < [ &dt = 1.
Let y=1-— floo %}dt. Then we have the asymptotic equation as desired.

Taking © — oo in the formula, we see that - is equal to the formula for Euler’s constant, as desired.

Lemma. For x > 1,

0]
Z;*/l e+ 0(1).

p<z

Proof. Apply Lemma 1.3 with a,, = 1p(n) (where P is the set of primes), f(t) = %, and y = 1.



We get A(t) = w(t), and then
L_7l@) [
257 p Jr/l P dt
:/11 %dwou)

1.3 Arithmetic Functions and Dirichlet convolution

-
Definition (Arithmetic function). An arithmetic function is a function f : N — C.

\

-
Definition (Multiplicative). An arithmetic function f is multiplicative if f(1) = 1 and f(mn) =
f(m)f(n) whenever m,n € N are coprime.
Moreover, f is completely multiplicative if f(mn) = f(m)f(n) for all m,n.

\

Example.
e f(n) =n® for s € C is completely multiplicative.
e Mobius function

1 n=1
pu(n) =< (=1)* if n is a product of k distinct primes

0 n is divisible by a square of a prime
This is multiplicative:

— If y(mn) = 0 and m, n are coprime, then we must have had at least one of u(m) =0
or u(n) = 0.

— If u(mn) = 1, then say m is a product of k distinct primes and n is a product of [
distinct primes. Then p(mn) = (=1)F = (=1)F(=1)! = pu(m)pu(n).

—7(n) = >, _. 1 (divisor function) and 74(n) =
function). 7 and 7, are multiplicative.

nening--m, | (generalised divisor

On the space of arithmetic functions, we have operations:

(f +9)(n) = f(n)+g(n)
(f9)(n) = f(n)g(n)
(f * g)(n) = Dirichlet convolution



Definition (Dirichlet convolution). For f,g: N — C, we define

(frg)m) =Y f(@d)g (5)

d|n

where 3, means sum over the divisors of n.
\

r

Lemma 1.4. The space of arithmetic functions with operations +, * is a commutative ring.

Proof. Since arithmetic functions with + form an abelian group, it suffices to show:

(i) (fxg)xh=fx(gxh)

)
(ii) fxg=gxf
(i) fxI=f
(iv) f#(g+h)=fxg+fxh
Proofs:

(i) Follows from (f * g)(n) =", _,., f(a)g(b).
(ii) Follows from (f *g)(n) =, _., f(a)g(d).
(i) Take

Then one can check that fx I = f.

(iv) From definition.

Lemma. The set of arithmetic functions f with f(1) # 0 form an abelian group with operation
*.

Proof. Need g such that fxg=1.
1

(f+9)(1) = f()g(1) =1 = ¢(1) = )
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Assume g(m) defined for m < n. We will defined g(n).

( *)m) = o) F(1) + 3 Fidyg (%)
d|

d;énl
1 n
= 90) =55 dz;ﬂd)g (5) O
d#1 <n

Lemma. Multiplicative arithmetic functions form an abelian group with *. Moreover, for
completely multiplicative f, the Dirichlet inverse is pf.

Proof. For the first part, suffices to show closedness. Let f,g : N — C be multiplicative, and m,n
coprime.

If mn = ab, we can write a = ajas, b = b1bs where ay = (a,m), ag = (a,n), by = (b,m) and by = (b, n).
Therefore we have:

(f*g)(mn) = Y f(a)g(b)

mn=ab

= Z f(araz)g(b1b2) (above observation)

m=ay bl
n=az bz

= Z f(a1)f(az)g(b1)g(b2) (by multiplicativity)

m=ay bl
n=asz bz

= (fxg)(m)(f *g)(n)
(also need to check that inverses are multiplicative).
Now, remains to show that for completely multiplicative f, f uf = I.

Note that f * uf is multiplicative by the first part. So enough to show (f * uf)(p*) = I(p*) for prime
powers p*. Calculate:

fxuf(p) = fp)+nf(p)
= f(p) — f(p)

=1(p)

10



and for & > 2:

Frpf@*) = F@") +nf) @)
=f") - f)F* )
=f)* - f)f(p)*!
=0
=1(p")

Example. 74(n)=> _ 1. Then

Tr=1%x1%x---%x1.
—_——

k times

So 7y is multiplicative by the previous result.

-
Definition (von Mangoldt function). The von Mangoldt function A : N — R is
logp if n = p* for some prime p
A(n) = :
0 otherwise
Then log = 1 % A since
logn = log Hpo‘l’(") = Z ap(n)logp =1 A(n).
pln pl
Since p is the inverse of 1, we have
logxp=1«Axp=Ax1xpu=AxI=A.
.

1.4 Dirichlet Series

For a sequence (ay,)nen, we want to associate a generating function that gives information of (a,)nen.

Might consider

o0
(an)nen < Z anx”.
n=1

If we do this, then P is hard to control. So this is not very useful.

The following series has nicer number-theoretic properties:

11



Definition (Formal series). For f: N — C, define a (formal) series
o0
Dy(s) =3 )~
=1l

for s € C.

Lemma. Assuming that:
e f:N = C satisfying |f(n)| < n°®

Then Dy(s) converges absolutely for Re(s) > 1 and defines an analytic function for Re(s) > 1.

Proof. Let € > 0 (fixed), n € N and Re(s) > 1+ 2¢.

Then

0o [}
Dol =Y |f ()l R
n=N n=N
< Z nsze(s)
n=N
< Z n-1l—¢
n=N

St n
SNTTE Y / t1-edt
n=N4+1/7"1

SN—1—5+/ t—l—edt
N

K N7*

Hence we have absolute convergence for Re(s) > 14 2¢. Also, D(s) is a uniform limit of the functions
ZnN:1 f(n)n~°. From complex analysis, a uniform limit of analytic functions is analytic. Hence D(s)
is analytic for Re(s) > 1 + 2e.

Now let € — 0. ]

Lecture 5

Theorem (Euler product). Assuming that:
e f:N— C be bounded (|f(n)| < 1) and multiplicative

12



Then
2
Ds(s) =T] (Hf]gf) +7f;§s) +>

p

for Re(s) > 1. Furthermore, if f is completely multiplicative, then

Df<s>=H(1—f(p>)_l,

s
» p

for Re(s) > 1.

Proof. Let N € N, Re(s) =0 > 1. Let

Ds(s,N) =[] <1+f(p)+f(p2)+~->.

s 2s
p<N p p

Note that the series defining the factors are absolutely convergent, since

— )] 1
I
k=1 k=1

lp

(geometric series).

Therefore, multiplying out, .
Dy(s,N) = Z a(n,N)f(n)n™*
where "
a(n, N) = #{ways to write n as a product of prime powers, where the primes are < N}.
The fundamental theorem of arithmetic tells us that a(n, N) € {0,1} and a(n, N) =1 for n < N.

Now,

o0

ID4(S) = Ds(s,N)| < > [f(n)]ln""]

n=N+1

< Z n- 7
n=N+1

2%
(since Y07 n~7 < o0). Hence Df(s) = limy_o Dy(s, N).

Finally, for f completely multiplicative, use geometric formula:
i fpt 1

ks :

Pt p 1— f(»)

p°

13



Lemma. Assuming that:

e f,Lg: N=C
o [f(n)],lg(n)| < n°M
Then

Diug(s) = Dy(s)Dg(s)
for Re(s) > 1.

Proof. We know Dy (s) and Dy(s) are absolutely convergent, so can expand out the product.

Dy(s)Dg(s) = Y _ f(a)g(b)(ab)~* =3 Y fla)gb)n™

a,b=1 n=1n=ab

Definition (Riemann zeta function). For Re(s) > 1, define

((s) =Y n*.
n=1

Example.

o« > 77(17:) ¢(s)? for Re(s) > 1 (since 7 =1x1).

o« Y ”T(LZL) = ﬁ for Re(s) > 1 (since p is the Dirichlet inverse of 1, so p* 1 =1I).

o« ('(s) = =202, % for Re(s) > 1, since %n’s = —(logn)n—*. Can differentiate
termwise, since if F), analytic and F,, — F uniformly, then F is analytic and F, — F.
We know that >°° | f(n)n™* converges uniformly for Re(s) > 1 if | f(n)| < n°™).

CCI((;)) ==>, % for Re(s) > 1. This is because —log = —1 x A — see the definition of

the von Mangoldt function.

Dirichlet hyperbola method

Problem: How many lattice points (a,b) € N? satisfy ab < a?

14



Lecture 6

.

Note that this number is >° ., 7(n) =, 1.

Dirichlet proved that for x > 2,

Z 7(n) = zlogz + (2 — 1)z + O(2'/?)

n<x

where v is Euler’s constant.
We will see a proof of this shortly.
Conjecture: Can have O, (z3%¢). Current best exponent is 0.314.

First, we prove a lemma:

s N
Lemma (Dirichlet hyperbola method). Assuming that:

. f,g:N—)(C
e x2>y>1

Then

S (fxg)n) =" f(d) (m) + Z

n<x d<y mgg m<

z
m

Proof. > . <.(f*g)(n) = 4.<. f(d)g(m). Split this sum into parts with d < y and d > y to get the
conclusion. - O

15



Theorem 1.5 (Dirichlet’s divisor problem). For x > 2,

Z 7(n) = zlogz + (2y — 1)z 4+ O(z/?)

n<z

where v is Euler’s constant.

&

Proof. We use the Dirichlet hyperbola method, with y = 22. Note that 7=1x1. Then,

STED D ST S M

n<w d<z? ST m<e?ai<d<z
=Y (G+rom)+ X (& -t o)
1 d 1 m
zx<xz?2 m<zx?2
]. 1 1
= — _ 2 O 2
S SEIES oE D SR
d<z2 m<x?2 m<x?2

Recall from Lecture 2 that

1 1
Zlogy+v+0<>.
d Y

A<y

. 1 . .
Taking y = 2, the previous expression becomes

2 x (;log:ﬂ—kfy—kO ({)) — 24+ 0(z?) = zlogz + (27 — 1)z + O(z?).

xr2

16



2 Elementary Estimates for Primes

Recall from Lecture 1:

DN % = oo (Euler’s Theorem)

* m(z) < 1537 (Chebyshev’s Theorem)

2.1 Merten’s Theorems

p
Theorem 2.1 (Merten’s Theorem). Assuming that:
e >3
Then
(1) >p<s 10;'3” =logz + O(1)
(i) > p<s % =loglogz + M + O (103;1) (for some M € R)
(i) [[,<. (1 - %) = CI)Z(;) (for some ¢ > 0)
P
Remark. Can show c=e™".
\
Proof.

(i) Let N = |z]. Consider N!. We have

NN <NV
NI> NNe N
(the second inequality cn be proved by induction, using (1 + %)N <e).
Let v, (k) be the largest power of p dividing k. Then
N! = H pur VY (fundamental theorem of arithmetic)
p<N
= log N! = Z vp(N) log p
p<N

17



We have v,(N!) = 3°7% | [gJ Indeed,

Now,

p<N p<N j=2
N 1
= < + O(l)> logp + O Z og2p -N (geometric series)
p<n NP pen P
1 1
=N Z %8P 4 @) z logp +O(N) (since Z og;p < 00)
p<N p<N p

—_———
<(log N)w(N)<KN(Chebyshev)
lo
=NY 22 ow)
p<N

Combine with log N! = Nlog N + O(N) to get

NlogN+O(N)=N 3" g2 | o).
p<N

Divide by N to get the result.

(ii) By Partial Summation, this is

logp
1+0 / 2yt el S T
lgx t(logt)?

— logt, we get

Writing e(t) = > -, lop
1 Todt Toe(t)
140 (— &
+ <logx> +/2 tlogt +/2 t(logt)?

1 < e(t) /OO le(t)]
=1 log 1 — log log 2 dt + O dt
o ( logz >+ 08108 1~ 10808 +/ tlogt)2 " * ( . tlogt)?

18




By part (i),

(o)
/z H(log £

Take M =1 —loglog2 + f;o %dt.

(iii) Use Taylor expansion

to get

p<z p<z
_ l_ziu
gp peizs

Write H = 37 377, 223 We get

J

Nl ~P—J
IEELERA DI

p<z p>x j=2

<p~?

1 1
oy leaeo(l)
pézp T

ii 1
@ —loglogz — H+ O ()
x

152

p<z

Taking exponentials,

Lecture 7

2.2 Sieve Methods

o General tools for estimating the number of primes (or products of a few primes in a set).

¢ Need information on the distribution of the set in residue classes.

19



Definition (Sieve problem). Let P C P. Let

P(z) =[]

pEP
p<z

and let A C Z. Denote

S(A,P,2) = [{n € A: (n, P(2)) = 1}|.
_

Problem: Estimate S(A, P, z).

Note that if A C [%,m} N7,

[N

)=]ANP

S(A, Pz
AP z3) = [AN (PU{pip2 : p1p2 > x%})|

S(

Wl

Sieve hypothesis: There exists a multiplicative g : N — [0,1] and R; € R such that
Hne A:n=0 (modd)}| =g(d)|A| + R4

for all square-free d (no repeated prime factors).

Example.
« A=[lL,z], P =P

4dl = | 2| = = +0(1)

Then g(d) = %, |Rq| < 1.

NI

S(A,P,z2) = |{peP:pe 22,2} = n(z) + O(z?).

e A={n(n+2):n <z}, P=P. Let d=p;---p,, where p; are distinct primes. Then
|[Agl={n<zxz:n=0o0r —2 (mod p;)Vi < r}|

% if d odd
B 2;1:5 +0(2") if d even

(by Chinese Remainder Theorem).
S(A,P,(22)%) = |{p € (20)%,4] s p+2 € P}
—{p<z:p+2€P}+0(z?)

Here,

g(p){é’ p=2

p>2
and Rq = O(2¥(D), where w(d) is the number of prime factors of d (distinct).

20



Lemma. We have

S(A,P,2) =

> w(d)]Adl.

d|P(z)

Proof. Recall that

(since p is the inverse of 1). Hence,
A P Z Z ]l(n P(2))=1
neA
= > wd)
n€Ad|P(z)
d|n
= > ula)|Adl
d|P(2)
Example. Let
w(x,z) = {n <z:(n,P(z)) =1}
Let P =P. Let A= [1,2] NZ. Then
|Aal = = + o).
By the previous lemma,
m(z,z) = S(A,P,2)
x
= Y ul@ (3 +0)
d|P(z)
e Y Mo 3
d|P(z) d|P(z) <
=z >y —“d +0(2"®) P(z)=p, -
d|P(2)
=z ] |1+ 1(p) + 0(27?))
< p
A2 N——
=
1
_ eire )x—|—0(2z)
log 2z

21

*Pr(2)

fundamental theorem of arithmetic

Merten’s theorem, for some ¢ > 0



For 2 < z <logux,

C+O(1)x

(x,z) = Tog 2

Theorem (Sieve of Erastothenes — Legendre). Assuming that:
e« AC[l,z]NN
o 2<z<«x
e Assume the Sieve Hypothesis

Then

S(A,P,z)

Nl

1 1, _ logz log @ @

= A JJ (1 - g()) + O [ 22 (logz)227 7%= | Y~ |Rg* | +|Alevs [] 1+ g(p))
p<2 d<z p<z
peP d|P(z) peEP

Lecture 8

Proof. Recall from previous lecture that

S(A,P,z) = Z w(d)|Aql (since Ag =0 for d > x)
d|P(z)
d<z
= Z u(d)g(d)|Al + O Z |Rq] (sieve hypothesis)
d|P(2) d<z
d<z d|P(z)

Al D wld)g(d)+0 [ D7 [Ral+14] D 9(d)
d|P(z) d<z d|P(z)
d|P(2) d>z

= |4 H(l —g(p)+0 Z |Ral + |A| Z g(d)
p<z d<z d|P(z)
pEP d|P(z) d>z

We estimate the first error term using Cauchy-Schwarz:

(NI
(NI

Z |Ra| < Z |Rq|? Z 1

d<z d<z d<z
d|P(z) d|P(z) d|P(z)

22



Note that if d | P(z), d > x2, then
S log:r%

w(d) >

(w(d) — number of distinct prime factors of d), since z#(9 > d > z2.

)

log =

Hence, 2¢(4) > 22‘1(1)552, d|P(z),d> x2.

Now we get

_ logz w
Z 1 <2 2losz Z &

d<z d<z =7(d)
d|P(z) d|P(z)
<272 Y r(d)
d<z

<L 27 2tos s xlogx
(the last step is by Dirichlet’s divisor problem: Y, 7(d) = (1 +o(1)) - zlog x).
Substituting this in, the first error term becomes as desired.

Now we estimate the second error term. We have

Z g(d) < T T Z g(d)dﬁ (since d > x in the sum: Rankin’s trick)
d(\ili(z) d|P(2)

1 1
— g Togz I | (1 +g(p) ploe= )
N~
p<z 1
peEP <zlogz —¢

<o weE [J(1+eg(p)

p<z
peP

__1 e e

< @ e 1;[(14-9(17)) (I+ey<(1+y))
log x z
—e logz ZI:gP

Combining the error terms, the claim follows.

Example. Take A = [1,2]NZ, P =P. Then g(d) = &, Rg = O(1), so the sieve gives us
S(A, P, z) =7(x,2)

—@+om) ] (1 - 1)

p<z p

og osw 1\°
+0 x%(loga:)%QillloTx% + (z+ O(l))e*io? H <1 + p)

p<z
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By Merten’s Theorem,

(-3

= (é + 0(1)> log 2

p<z
II(1+3)<II
p<z p p<z
Hence,
1
n(z,2) = c+o(1)
log =z

Hence, for 2 < z < exp (wllgg%gr)’
m(z,2) =

This asymptotic in fact holds for z < 2,

In particular, the Erastothenes-Legendre sieve gives

m(z) <7(z,2) + 2z <

log z

for z = €xp (1010glogz

Lecture 9

2.3 Selberg Sieve

+0 (:c(logx)%fﬁfgzz + me*ﬁ%(logz)e) :

c+ 0(1):10
log z

x loglog x

log x

). Not quite the Chebyshev bound 7(z) < 5=

asymptotes | good upper bound for primes
Erastothenes-Legendre v X
Selberg X v

Theorem 2.2 (Selberg sieve). Assuming that:
o z2>2
e A C Z finite
« PCP

e Assume the sieve hypothesis
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e h:N—[0,00) be the multiplicative function supported on square-free numbers, given on

the primes by
9(p)
epP
h(p) = {19(10) p

0 p¢P
Then |A|
S(A,P,2) < t > 73(d)|Ral.
Zd<z d<z
d|P(2)
- J

Sieve hypothesis: There is a multiplicative g : N — [0, 1] and R; € R such that
| Aal = g(d)|A] + Rq

for all square-free d > 1.

Proof. Let (p4)den be real numbers with
pr=1p4=0,d> 2 (*)

Then,

Lin,pz))=1 < Z pd

d|P(z)

(If (n, P(2)) = 1, get 1 < p otherwise use 0 < 2?).

Summing over n € A,

S(AP,2) = Linre)

neA

SZ Zpd

neA d|n
d|P(2)

Z Pdy Pdo Z 1

dyda|P(z) [dngA”n
1,d2

=14l > papagdi,do) + D paypasRidy au) (sieve hypothesis)
dl,dQ\P(z) dl,d2|P(z)

([m, n] means lem(m,n)).
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We first estimate E:

Eﬁm]?X|pk|2 Z |Rjd, )]

dy,d2|P(2)
:mka,X|pk|2 Z Z |Rd| (d: [dlde])
d<zF di,d2€N
d\ﬁ(z) [dl’dQ]:d
We have
Y= > 1 (1= (di,d2),d} = d1/l,[dy,do] = ld' d3)
dy,d2€N 1<z d},d,eN
d=[d1,d>] d=ld}d}
(dy,d5)=1
< 13(d)
Therefore
E< . 2,
< D 7a(d)|Ra| - max| ]
d<z*
d|P(z)

Now it suffices to prove that there is a choice of (p4)4en satisfying (x) such that

Claim 1: Zdhdﬂp(z) Pd, pd,9([d1, dz]) = Z;Qh(d)'

Claim 2: |pi| <1 for all k € N.
Proof of claim 1:

We have, writing k = (dy,dz), d; = %,

> parparg([da, da]) = p(k)? D pray prayg(kdids)
di,d2|P(2) k|P(z) dydy| £
(d},d3)=1

I
=
=

=~
=
[ V)
Q
=
=~
=

k|P(z) dflfdl2l¥
(dy,d3)=1

We have
Ly ap)=1 = Z#(C)

c|di1
cldy

26
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Lecture 10

(since px 1 = I) so the previous expression becomes

> uk)g(k) D ue) Yo rrarrayg(di)g(ds)
KIP(2) o 22 AT
dy=0 (mod ()c)
d,=0 (mod c)
2

I
g
=
=

[\v]
s
=
g
=
=
g

k|P(z) o] B d|P;(:)
d=0 (mod c)

Il
=
—~

Ny
~—
[ V)
R}
—
=
|
—
=
o
~

Z perarg(ckd')

e a2 \eif2

2
=D nm)7H YT pag(d)
n<z d|P(z)

d=0 (mod n)

(multiplicativity, d = ed’, m = ck, d = md') since % = %2 * 1 (check on primes ﬁ =1

Now we get

Y. papag(ldide]) = Y h(m)~'¢,

d1,d2|P(z) m<z

where

Cm = Z ,Odg(d) .
d|P(z)
d=0 (mod m)

Want to minimise this subject to (x).

We need to translate the condition p; = 1. Note that

Yoo wm)n = pag(d) > ulm)
)

m<z d|P(z m|d
m=0 (mod c) clm

—_———
> a ep(m)=p(d)la=c

= p(e)peg(e)
Hence,
p(e)
pe = /,I, m Cm
o X Hm
m=0 (mod c)
Now,

9p)

).



By Cauchy-Schwarz, we then get
2
ST hm)E ) DD wm)?hm) | = | Y um)en | =1
m<z m<z m<z

Hence

m —1,2 1 = !
2 P 2 S )~ S R

Equality holds for T}, = 2™ where G(z) = 3 ,,<. M{m). We now check that with these G, pa = 0
for d > z.

Note that

Hence, p. = 0 for ¢ > 2.

This proves Claim 1.

Now we prove Claim 2 (|p.| < 1).

Note that any m has at most one representation as m = em/, where e | d, (m’,d) = 1 (for any d € N).

Now,

G() =Y > h{em)

cld m'<z
(m’,d)=1

:Zh(c) Z h(m')

cld m/'<z
(m/,d)=1

> ) hle) Z h(m”)

cld m'<2
(m’ d)=1

Now,

sincel*h:%. O
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Lemma 2.3. Assuming that:
e 22>3
e ¢g:N — [0,1] multiplicative

o for some K, A € R we have

Zg(p) logp < klog z + A.

p<z

Then 1
<2 J[ @—gW),

ngz h(m) B p<zl/(ertl)

where h is defined in terms of g as in Selberg’s sieve.

Proof. Note that for any ¢ € (0, 1),

> h(m) > > h(m)=G(z,0).

m<z m<z

m|P(z%)

Then

H (1—g(p)~"' = G(z,c) = H (14 h(p)) — Z h(m)
e = P G)
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By Rankin’s trick,

1- [T = 9@)G(zc)

p<z¢

=J[a-9w) > hm)

p<z¢ m>z
m|P(z°)
A -
< [Ta-gp)z"m= > h(m)mw=
p<z¢ m|P(z¢)
_ A
= [T =gpe I (1 + h(p)p=e=)
p<z¢ p<ze
_ -
=e* [] (1= gp) + g(p)p=-
p<z¢
<e Mexp pﬁ -1
> | )

p<z° A
<i5az (log p)plos=

A

> g(p)(log p)p==

p<z¢

< oxp log 2z

A
< exp (—)\ + ceMAk + Aec}\logz)

Choose ¢ = % and A = ek + 1 to get the claim.

Lecture 11

The Brun-Titchmarsh Theorem

(for any A > 0)

(1+t<eh)

p
Theorem 2.4 (Brun-Titchmarsh Theorem). Assuming that:
e 22>0,y>2
e ¢ >0 and y is large in terms of €
Then )
m(z+y) —m(z) < (ljggy)y'
\
Remark. We expect
_ (n+0(1))y
re+9) = (@) = L2
in a wide range of y (e.g. y > ¢ for some ¢ > 0 fixed). The prime number theorem gives
this for y > x. The Brun-Titchmarsh Theorem gives an upper bound of the expected order for
y > xc.
N
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Proof. Apply the Selberg sieve with A = [z, 2 4+ y] NN, P = P. Note that for any d > 1,
{a€A:a=0 (modd)} :%+0(1).
Hence, the sieve hypothesis holds with g(d) = é, R, =0(1).

Now, the function h in Selberg sieve is given on primes by

9(p)
o) = T—g) p—1 @)
where ¢ is the Euler totient function. In general,
hd) = pld)? -~
o(d)

(since @ is multiplicative). Now, for any z > 2, Selberg sieve yields

Y
S(AP,2) < gz +0 > r3(d)

d<z ¢(d) d<z?

By Problem 11 on Example Sheet 1, the error term is O(2%(log 2)?).

Take z = y%*%. Then )
22(log2)? < (y2~10)%(logy)? < y'~ %
(for y > yo(e)). We estimate

11(d)?
2 )

i eld

I
=
=

SHRSH
&
[\v]

5
==

d<z
d)? 1
= “(d) H<1++2+ )
d<z pld
—_P __p_
Tp—17 ¢(p)
>y 1
n
n<z

since any n < z has at least one representation as
n = dpi‘l .. .pzk7
where d < z is square-free and p; | d are primes and a; > 0.

We have proved

1 1
E - ogz+ O )_( 10) og z

n<z

for z > z(e).
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Putting everything together gives us

m(x+y) —n(z) < SAPz2)+ 2
Y
(1—5)logz

< (2+e)y

logy

< +z+ylT®

for y > yo(e).
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3 The Riemann Zeta Function

Recall that the Riemann zeta function is defined by
1

(s)=) —
n=1 n

for Re(s) > 1.

Remarkable properties:

(1) ¢(s) extends meromorphically to C.

(2) A functional equation relating ((s) «» ¢(1 — s).

3) All the (non-trivial) zeroes appear to be on the line Re(s) = i (Riemann hypothesis).
2

(4)

4) ((s) closely relates to the distribution of primes.

Notation. f(z) < g(z) means f(z) < g(z) < f(z). <, means that the constant in < can
depend on o.

Lemma 3.1. Assuming that:
e 0>1
e teR

Then |¢(o + it)| <, 1.

Proof. By the Euler product formula,
C(o’ 4+ Zt) = H(l _p—U—it)—l’
P

hence

Co+it) =TI —pi
p

By the triangle inequality,
1 _pfo' < |1 _pfo'fit| S 1+ |p70'77,‘t| =1 +p70-~

Hence,

[[a-p) ' > Ko +it) = [ =p)""
P P
Note that these products converge if and only if Zp p~? converges, and this sum converges by the

comparison test. O
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Lecture 12

Lemma 3.2 (Polynomial growth of eta in half-planes).

(i) f(¢) extends to a meromorphic function on C, with the only pole being a simple pole
which is at s = 1.

(ii) Let k > 0 be an integer. Then, for Re(s) > —k and [s—1| > - we have |((s)| < j|s|[*T2+1.

Proof. Let k > 0 be an integer.

We claim that there exist polynomials Py, Q of degree < k + 1 and such that for Re(s) > 1,

> Pu({t
ki *

€)= T2+ Q) als + 1) (s R) [

First assume () holds.

Then, since Pp({t}) < i1, for Re(s) > —k — 3, |s — 1| > 55, (%) gives |¢(s)] < g|s|"™ + 1. So (ii)
follows.

For (i), using analytic continuation and (x), it suffices to show that the RHS of (x) is meromorphic for
Re(s) > —k, with the only pole a simple one at s = 1.

Suffices to show that

< Pr({t})
o kTl dt

is analytic for Re(s) > —k.
This follows from the following criterion: If U C C is open, f : U x R — C is piecewise continuous,

and if s — f(s,t) is analytic in U for any ¢t € R, then [, f(s,t)dt is analytic in U, provided that
Jg | f(s,t)|dt is bounded on compact subsets of U.

Applying this with f(s,t) = It)ffii}l) 111,00y concludes the proof of (i) assuming (x).

We are left with proving (x). We use induction on k.

Case k = 0: By Partial Summation,

(oo}
1
¢(s) = s
n=1
= v ~
= 8/1 sy du (apply partial summation to ;n_b and let z — 00)
oo 1 o0
:s/ —du—/ {u}du
1 us 1 us+1
1 = {u}
s—1 * g 1 ustl “
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Take Py(u) = u, Qo(u) =
Case k + 1 assuming k: Let )

o = /0 Pe({t})dt
For Re(s) > 1, we have

1+Qk(s)+0ks(s+1)"'(s+k1)+s(s+1)~-~(s+k)/looWdt.

((s) =

5 —
Let

Pl == [ (0 - cu)a.

This is a polynomial of degree < k + 2. By integration by parts,

P,({t}) —c % Py1({u})
/ ts+k+1 dt ( + k + 1) ) Wdu

Substituting this into the previous equation, we get that case k + 1 follows. O

The Gamma function

Definition (Gamma function). For Re(s) > 0, let

F(s):/ ts~te~tdt.
0

Lemma 3.3. T'(s) is analytic for Re(s) > 0.

Proof. Apply the same criterion for integral of analytic function being analytic as in the previous
lemma, taking f(s,t) =t te 1}y o0 ().

Note that for 0 < o1 < Re(s) < o9,

1 oo
/|f(s,t)|dt§/ t”l*le*tdt+/ t72 e tdt < oo. O
R 0 1

Lecture 13

Lemma (Functional equation for I'). The I' function extends meromorphically to C, with the
only poles being simple poles at s =0,—1,—-2,....
Moreover:
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(i) (s + 1) = sI'(s) for s € C.

(ii) T'(s)I'(1 — s) = = for all s € C (Euler reflection formula).

sin(ms)

Proof.

(1)

For Re(s) > 0, by integration by parts,
/ tietdt = s/ t* e tdt.
0 0
This proves (i) for Re(s) > 0.

Now for any k € N, for Re(s) > 0 we have

r k
T(s) = (s +#) :
(s+k—1)---(s+1)s
The RHS is analytic for Re(s) > —k, so can use analytic continuation to extend I'(s) meromor-
phically to Re(s) > —k, with the only poles being simple poles at s =0, —1,...,—k, —1.
Let k — oc.

Since both sides are analytic in C \ Z, by analytic continuation, it suffices to prove the formula
for 0 < s < 1.

Now, for any ¢ > 0,

(s — 1) = ts_l/ u e "du
0

o0
:/ v e Vdt (u = vt)
0

Multiply by e~ and integrate, and use Fubini to get

T(s)I'(s—1) = / / v et dve tdt
o Jo
:/ / e~ (T gty =5 dw
o Jo
:/ Y dv
o 1+wv

o (1-s)z
= / ¢ dx (v=¢€")

Coo 1+ €®

Hence, the remaining task is to show

o e(1—s)m T
de = — .
/_OO 1+e® sin(7s)

We will do this next time.
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Lecture 14

P
Theorem 3.4 (Functional equation for zeta). Assuming that:

o &(s)=3s(s— 1) */2T (£) ((s) for s € C

Then ¢ is an entire function and £(s) = (1 — s) for s € C. Hence

wr (3) o) = n T (152 ¢t - o)

for s € C\ {0,1}.

Proof. Let Re(s) > 1. Then,

Make the change of variables f = mn?u to get

S > s 2
T (5) = 778/2715/ uz lem™ ™ Uy,
0

o0
_s S 51 —gan?
T 2n SF(§>=/ w2 e ™ Uy,
0

Summing over n € N and using Fubini,

72T (2) ¢(s) = i /000 ui—lemmmugy
n=1

:%/ W50(w) — 1)du

0

1 o0
=5 [t 00 - ndu 5 [T 6) - Dau

Hence

By the functional equation

37
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we have

L, Lo s 1 L,
/ w2 (O(u) — 1)du = / u2"20 ) du — / w2 tdu
0 0 U 0

Hence
1

1 1 EES Y

)= 5+ 730 = ) [ F 4 ud 0w - Dau

()

Since |0(u) — 1] < e~ ™, applying the criterion for integrals of analytic functions being analytic, we

see that £(s) is entire. So by analytic continuation, (%) holds for all s € C.

Moreover, the expression for {(s) is symmetric with respect to s — 1 —s, 80 £(s) = &(1—3s),s € C. O

e ~
Corollary 3.5 (Zeroes and poles of zeta). The ¢ function extends to a meromorphic function
in C and it has
(i) Only one pole, which is a simple pole at s = 1, residue 1.
(ii) Simple zeroes at s = —2,—4, —6, .. ..
(iii) Any other zeroes satisfy 0 < Re(s) < 1.
\ J
Proof.

(ii) — (iii) Follows from the lemma on polynomial growth of ¢ on vertical lines.

(ii) — (iil) We know ((s) # 0 for Re(s) > 1. We want to show that if {(s) = 0 and Re(s) >0

then s € {—2,—4,—6,...} and s is a simple zero.
Let Re(s) > 0. By the functional equation for ¢,

o) =g p L é;)cu ~ ).
£0

We claim that I'(s) # 0 for all s € C. By the Euler reflection formula,

[(s)I(1 — s) sin(ws) = m,
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for s € C.

If T'(s) = 0, then I has a pole at 1 — s. Hence, 1 — s = —n for some n > 0 integer.
But then s =n+1, and I'(n + 1) = n! # 0.

We conclude that for Re(s) < 0,

((s) =0 = gisapoleofI‘
<— s=-2n,n €N

Since the poles of I' are simple, ¢ has a simple zero at s = —2n, n € N. O

3.1 Partial fraction approximation of (

¢'(s)
ON

This is a formula for
For the proof we need a lemma. We write, for z € C, r > 0,

B(zo,r) ={2€C:|z— 2] <r}
B(zp,7)={2€C:|z—2)| <7}
0B(z,7) ={2 € C: |z — z| =1}

Lemma 3.6 (Borel-Caratheodory Theorem). Assuming that:

e 0<r<R

o f analytic in B(0, R), with f(0) =0

Then 5
r
sup |f(2)] < sup Re(f(z)).
|2|<r R—r =R
N J
Proof. This is Exercise 10 on Example Sheet 2. O
Lecture 15
e N
Lemma 3.7 (Landau). Assuming that:
e zpeCandr >0
o f analytic in B(zp, )
o for some M > 1 we have |f(z)| < eM|f(20)]| for all z € B(zo,7)
N J
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Then for z € B(zo,7/4),

1 96 M
_Zz_p S r )

where Z is the set of zeroes of f in B(zg,r/2), counted with multiplicities.

Note. If f is a polynomial, we can factorise

fz)=a]](z~p),

P
and then
28— (og 1))

(loga + Zlog z— p))

P
N
Proof. Let )

__ [
g(z) = Y

Then g is analytic and non-vanishing in B(zg,r/2). Note that

7 S0 5 !
o) TG S
(fr=Fa) _ n o fi
(Gt =
Hence, it suffices to prove
g (z) 96 M
<
9(2) r
for z € B(zg,7/4). Write
h(z) = M_
9(z0)

Then h is analytic and non-vanishing in B(0,7/2), and h(0) = 1. We want to show

h(z)
h(z)

96 M
T

<
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for z € B(0,7/4).

For all zg € 0B(0,r) we have

pion =Lt Ty _oze | o)
f(z0) pezzo-FZ—P f(z0)
since
r T
2o—pl< s =r—t<ln+tz-p

for z € 9B(0,r).
By the maximum modulus principle, |h(z)| < €M for z € B(0,7/2), so
Relogh(z) =log |h(z)| < M.
By the Borel-Caratheodory Theorem with radii %, 7 we have for for z € B(0,3r/8),

2

[IESNE

|log h(z)] < M =4M.

3r _r
8 4

Now, for z € B(0,r/4), Cauchy’s theorem gives us

‘ R (2) 1 / log h(w)
h(z) 2mi 8B(0,3r/8) (z —w)
-2
1 3r 3r r
< — .opZl o2
=27 27T84M<8 4)
_ 96M
or

Theorem 3.8 (Partial Fraction approximation of zeta’/zeta).
(i) Let s = o + it with |o| <10, s # 1 and ((s) # 0. Then

1
|P—$‘§T0

where the sum is over the zeroes p of ¢ counted with multiplicity.

(ii) For any T > 0, there are < log(T + 2) many zeroes p of ¢ (counted with multiplicity) with
|Tm(p)| € [T, + 1.

Proof. We apply Landau with zg = 2 +it, r = 50, with f(s) = (s — 1){(s).
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Lecture 16

By the lemma on polynomial growth of ¢ on vertical lines, for o + it € B(zg, 50), we have

f(s)] < C(t| +52) (1t +2)
< Cexp(5llog(|t| + 52))
<« Coxp(51 10|t + 52)1 (=)

(I¢(z +it)| < 1).
Let se B (zo7 5 ) Then Landau gives us

fs) 1 ()
fs) “s=1 " ((s)
= > +Oog(lt| +2)

lp—20|<28

Since B (zo, 5 ) contains all the points s = o + it with || < 10, it suffices to show

Z :

5 _
lo—zol<as © P
lo—s|> 15

O(log(|t] +2)).

Substituting s = zg in (), we get

p, + 1+ log(|t| + 2))
[p—20|<25

= O(log([t| +2))

since

—2+it

2+zt ’

< Z A(n)n=?

n=1

Ty
~

2

¢(2

Z 2 — Re(p) _

~

Taking real parts,
O(log(|t] + 2)).

N
lp—20|<25 70 = |
Since Re(p) <1,
1
Y 5 = O(log([t| +2)).
N
lp—20|<25 |70 = pl

This proves part (ii). It gives also (**) since the sum there contains O(log(|¢| + 2)) zeros.
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3.2 Zero-free region

Proposition 3.9. Assuming that:
e o>landteR

Then

3%(0) +4Re (g(a—l—it)) +Re (CCI(U—I—Qit)) <0. (%)

Proof. Recall that

Cy=-y A

¢ ne

where A is the von Mangoldt function function, and Re(s) > 1.

n=1

Taking linear combinations, the LHS of (xx) becomes

= 3 + 4Re(n) + Re(n—%1 = 3 + 4 cos(tlogn) + cos(2 + logn

ne ne

n=1 n=1
(Re(n™*) = cos(ulogn)).
We are done by the inequality:
3+ 4cosa+ cos2a = 2(1 + cosa)? > 0

for « € R.

Theorem 3.10 (Zero-free region). There is a constant ¢ > 0 such that {(o + it) # 0 whenever

0 > 1 — iy In particular, ¢(s) # 0 for Re(s) = 1.
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Proof. Let o € [1,2] and t € R. Suppose ¢(8 + it). uwe know that 8 < 1. We know that ¢ has no
zeroes in some ball B(1,r) for some r > 0 (otherwise the entire function (s — 1)((s) would have an
accumulation point for its zeros).

Choosing ¢ > 0 small enough, we can assume that |[t| > r. By the key inequality for %’,

¢ ¢ ¢
3>(c)+4Re <(o + zt)) .+ Re ((o + 2it)) .<0.
¢ ¢ ¢
Apply partial fraction decomposition of % So
! 1 1
C—(s) =— + Z —— + O(log([t| +2)). (%)
¢ s—1 s—p
ls—pl< 15
(t = Im(s)).
Since Re(p) < 1 for any zero p,
1 0 —Re(p)

o4iu—p |o+iu—p2 =
(o >1).
Discarding terms, we get

3 4
— < Clog(|t| +2).
=+ 5= < Clog(lt] +2)

44



Take o =1+ s¢ and assume 5 > 1 —

Togt72) to get

__c
log(|t[+2)

1 tl + 2 1 tl+2
_glos(ltl + )+40g(||+ )
5c 6c

Take ¢ = ﬁ to get a contradiction.

< C(log [t| +2).

Theorem 3.11 (Bounding zeta’/zeta). Assuming that:
e ¢ > 0 sufficiently small
e T>0
o Re(s) > —10

o |Im(s)| € [T,T + 1]

Then
¢'(s)
¢(s)

e s is at least distance m away from any zero or pole

< (log(T + 2))%.

Proof. If s = 0 4 it with o > 10, then

Assume then that Re(s) € [—10,10]. Apply (xx). Each term satisfies

1 < log(T + 2)

FEr
1 log(T" + 2)
s —1] — ¢

We know that there are O(log(T + 2)) zeros with multiplicity having imaginary part € [T —2,T + 2].

The claim follows from triangle inequality.

TODO
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