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1 Introduction

1.1 Some Questions
Holes in Classical Theory of Analysis

(1) What is the “volume” of a subset of R¥? d = 2 we have “area”, d = 1 we have
“length” (we know the length of intervals).

(2) Integration: Riemann Integral has holes. Let {f,} be a sequence of continuous
functions on [0, 1] such that 0 < f,,(z) <1 for all z € [0,1], f,(x) is monotonically
decreasing as n — oo, i.e. fp(z) > fuyi(x) for all z. So, lim, o fn(z) = f(x)
exists for all . So lim, o fo fn(x)dz exists. But f is not necessarily Riemann
integrable. We want a new theory of integrals such that f is integrable, and such

that lim, fol fn(x)de = fol f(x)dz.

(3) Let L' = (C[0,1], || ® ||1). If f € L', is f Riemann integrable? (||f[l1 = [y |f(x)|dx).
Will have to change the definition of integral. L? = a Hilbert space —Fourier Anal-
ysis.

Holes in Classical Theory of Probability

(1) Discrete probability has its limitations.

e Toss an unbiased coin 5 times. What is the probability of getting 3 heads?
This is a question we know how to answer.

o Take an infinite sequence of coin tosses and an event A that depends on that
infinite sequence. How to define P(A)? (For example Strong Law of Large
Numbers).

» How to draw a point uniformly at random from [0, 1]?
Probability needs azioms to be made rigorous.

efine expectation or a random variable. so would want the following: i
2) Defi E) f d ble. Al 1d he foll f
0< X, <1land X, | X, then EX,, > EX.
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1.2 Basic Definitions

~

Definition (c-algebra). Let E be a set. A o-algebra £ is a collection of subsets of
E such that

e D&
e if A€ &, then A€ & (A°=FE\ A)
o if (A, :n €N), A, € EVn, then |J,, A, € & too.

(E,€) is called a measurable space.

Example. £ = (0, E) or &€ = P(F) (power set). Typically, we will deal with things
somewhere between these extremes.

Remark. Since (), 4, = (U,, 4A%)°, any o-algebra is stable under countable inter-
sections. Also, if a, B € £, then B\ A= Bn A° € €.

Definition (Measure). A measure u on (E,E) is a non-negative function p : € —
[0, 00| such that

e u(@® =0

o For all sequences A,, n € N with A,, € £ and all A,, pairwise disjoint, we have
countable additivity:
oo oo
H <U An) = ZM(An)
n=1 n=1

We call (e, &, 1) a measure space.

Remark. Let E be a countable set, with & = P(FE). Then VA C E, u(A) =
1 (Upea{z}) = X pean{z}) = 3 ,cam(z), where we define m : E — [0, 00] such
that m(z) = p({z}. We call such an m a “mass function” (or pmf in discrete
probability), and measures p are in one-to-one correspondence with mass function
m. Here £ = P(FE) and this is the theory in elementary discrete probability (when
u({x}) =1 for all x € E, u is called a counting measure, and here p(A) = |A| for
all AC E).




For uncountable E however, the story is not so simple and & = P(F) is generally not
feasible. Instead measures are defined on o-algebras “generated” by a smaller class A of
simple subsets of F.

Definition (Generated o-algebra). If A is any collection of subsets of E, we define

o(A)={AC E: Ac&V o-algebras £ D A} = ﬂ &
EDA

& a o-algebra

We call this the o-algebra generated by A. It is the smallest o-algebra containing A.

J

Why is 0(A) a o-algebra? Answer: Example Sheet 1 problem 1.

The class A will usually satisfy some properties too.

Definition (Ring). Let E be a set and A a collection of subsets of E. A is called
a ring if

e Ne A

o Forall A,Be A, AUB<c Aand B\ A € A.

( )

Remark. If A, B € A, A a ring, then

AAB = (A\ B)U (B\ 4) € A

ANB=(AUB)\ (AAB)c A

Definition (Algebra). A is called an algebra if

e e A

e If A,B € A, then A°c Aand AUB € A.

( )

Remark. If A an algebra and A, B € A, then ANB € Aand B\ A= BNA° e A.

So an algebra is also a ring. {0} is a ring, but not an algebra.
L J

The idea:

¢ Define a set function on a suitable collection .A.
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 Extend the set function to a measure on o(A) (Caratheodory’s Extension theorem).

o Such an extension is unique (Dynkin’s lemma).

Definition (Set-function). Let A be any collection of subsets of E such that ) € A.
A set-function p is a map p : A — [0, 00] such that p(0) = 0. We say

(1) p is increasing if p(A) < p(B) for all A, B € A such that A C B.
(2) pis additive if Au(AU B) = u(A) + p(B) for all A, B € A with A, B disjoint.

(3) p is countably additive if p(J, An) = >, u(Ay) for all A, disjoint such that
An, U, An € A

(4) p is countably subadditive if p (|, An) < Y, 11(Ap) for all Ay, , An € A.

e N
Remark. If y is a countably additive set function on A, and A is a ring, then u
satisfies (Example Sheet 1) all of (1), (2), (3), (4).

- J

Theorem (Caratheodory). Let A be a ring of subsets of E and p: A — [0, 00] be
a countably additive set function on A. Then u extends to a measure on o(A).

Proof. For any B C F, define
p*(B) = inf <{ZM(A1-) :BC| A A € A} U {oo}>

Clearly p*(¢) = 0 and p* is increasing. So p* is an increasing set function on P(E).
Call a set A C E u* measurable if VB C F,
p(B) = p*(BNA) +p(BNAS).

Define M = {A C E : A is p* measurable}. Shall show M is a o-algebra that contains
A, 1| pm is a measure on M that extends p (i.e. p*|q4 = p).

Step 1: p* is countably subadditive, i.e. if B C |J,, By, will show u*(B) < >, u*(By).
Nothing to prove if p*(B,) = oo for some n. Sow assume p*(B,) < oo for all n. For all
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€ > 0, there exists (Ay,,) € Asuch that B, C U,, Anm and p*(Bp)+57 > >, i(Anm).
But then, B C |J,, Bn € U,, ., Anym and (A,m) € A, so by definition of p*,

B) <3N ilAnm) <Y (W (Ba) + 57 ) = D_w'(B

As € > 0 is arbitrary, we get the desired result.

Step 2: p* extends p, i.e. for all A € A, p*(A) = p(A4). (1*(A) < u(A) by definition of
u"as AC A, Ae A). Now we prove u*(A) > p(A). As p is countably additive on AA
and A is a ring, u is countably sub-additive on A4 and increasing (by earlier Remark).
Now, let A C |J,,(AN Ay), so by countable sub-additivity on A,

(A) <D wANA) <Y (A
(the second inequality is because p is increasing). So by taking inf over all such {4,},
u(A) < p*(A).
Step 3: M D A,ie. A€ Aand B C E, want to show

§*(B) = u*(B 0 A) + (B N A°)

Since B C (BN A) U (BN A°), by Step 1 (countable sub additivity), u*(B) < p*(B N
A) + p* (BN A°). To prove pu*(B) > p* (BN A) 4+ p*(B N A°), without loss of generality
assume p*(B) < co. So again Ve > 0, there exists (A,) € A with B C |J,, A, such that
p(B)+e>> u(A,). Then (BNA)C Y, (AnNA)and (BN A°) C |, (A, N A°). So
that

p(BNA) <> A, NA)  and  pf(BNAS) <) p(A,NA%),

so that

pYBNA) +p*(BNAS) <Y ((An N A) + p(An N A%)) = p(Ay (B) +¢

n

As e > 0 is arbitrary, we get p*(B N A) + p* (BN A°) < pu*(B).

Step 4: M is an algebra: ¢ € M. Also if A € M, then A° € M. Now let A1, Ay € M
and B C E. Then

1 (B) = 1" (BN AL + 1 (B N AS) (as A, € M)
=p"(BNAINAg) =p"(BNANAS) + p (BN ASJ) (as Ay € M)
— (BN (AL N A2)) + 15 (B 1 (A1 N A9)° 1 Ar) + 15(B 0 (A1 1 Ag)° 1 AS)
= M*(B N (A1 N Ag)) + ,u*(B N (Al N Ag)c) (as A e M, BN (A1 f
So A1 N Ay € M.
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Step 5: M is a o-algebra and p*|a is a measure (since M is an algebra, convince
yourself), i.e. for any sequence (A,) € M with A, pairwise disjoint, we want to prove
A=, An € M and pu(A) =3, 1(Ay). So, as before for any B C E,

p*(B) = p* (BN A+ p" (BN AY) (as Ay € M)
=p* (BN A+ p*(BNnA{NAg) + p* (BN AT N AS) (as Ay e M)
=

*(BNAy) + p* (BN Ag) + p* (BN AN AS)

=> p(BNA)+p (BNATN---NAS)
=1

> (BN A+ pf(BN A%
i=1

The last inequality comes from the fact that u* is increasing and since A = J; 4;, we
have A¢ = NAf C A{N---NAS.

So as n — oo,

NE

W(B) > S ut(B A+t (BOA)

-
Il

*

L

— =

v

BN A)+ p*(Bn A%

Also,
i (B) < it (BN A) + u*(B N A°)

is obvious by sub additivity. So p*(B) = p*(BNA) + p* (BN A°), ie. Ae M. O

To address the uniqueness of extension, we introduce further subclasses of P(E). Let A
be a collection of subsets of E.

Definition (7-system). A is called a 7-system if ) € Aand VA, B € A, ANB € A. W
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Definition (d-system). A is called a d-system (for Dynkin, alternatively called a
A-system) if

e« Fc A

e ABeAand AC B, then B\ A€ A

e {A} e Aand A, t A=, Ay, then Ac A (A CAy CAsC )

Equivalently, A is a d-system if

e DecA

e Ac A = A°c A

o {A,} € Aand A,’s disjoint, then |J,, A, € A
Proof is on Example Sheet 1.

Fact (Example Sheet 1): A w-system A which is also a d-system is actually a o-
algebra.

Lemma (Dynkin’s lemma). Let A be a m-system. Then any d-system that contains
A, contains also o(A).

Proof. Define
D= () D
D a d-system
DDA
Then D is itself a d-system (proof same as in o(A)). We will show that D is also a
m-system, then we are done.

To achieve this, define
D'={BeD:BNAcDVAcA}

Then A C D' (as A is a m-system). D’ is in fact a d-system (B € A, then for any A € A,
BN Ae€ Aas Ais a m-system, hence B € D). Fix A € A.

e Then ENA=Ac ACD. So EeD.
e If B| C By, and By, B> € D/, then (BQ\Bl)ﬁA = (BQQA)\(Bl ﬁA) € D. But by

definition, as By, By € D', we get BiNA,BoNA€D. Also, BjNAC ByN A and
D is a d-system, so (BoNA)\ (B1NA) € D. So (Bs\B1)NA €D, ie. By\ByeD.



o Finally, if {B,} € D' and B,, T B = J,, Bn, then B,NA € D and (B,NA) 1 (BNA)
and D is a d-system, so BN A€ D. So BeD'.

So D' is a d-system. Also, D' C D. But also, A C D' and D’ is a d-system, so D C D’
(by minimality of D). So D =T, i.e. forall Be€ Dand A€ A, BNA €D (). Now we
can repeat this argument one level higher. Define

D'={BeD:BNAcDVAecD}

Then A C D” (by (*)). Then check, as before, that D" is a d-system. So D" = D. But
then (by the definition of D), VB € D, Ac¢ D — BNA €D, ie. D isa m-system.
So D is a o-algebra containing A, hence D D o(A) (check that () € D). O

Now we get the uniqueness theorem.

Theorem (Uniqueness of Extension). Let p1, ua be some measures on (F, &) with
w1 (E) = pe(E) < oo. Suppose that pu; = pe on A for some m-system A that
generates € (i.e. 0(A) =¢&). Then p; = pg on .

Proof. Consider D = {A € € : u1(A) = p2(A)}. Then, by hypothesis, A C D. Also, A
is a m-system. So enough to show that D is a d-system (by Dynkin’s lemma, (A = & C
DCE& soD=¢E).

o () € D since p1(0) = pa2(0) = 0.

« AeD = m(A4) = p2(A). So pi(A9) = 1 (E) — pi(A) = pa2(E) — p2(A4) =
p2(A°). So A¢ € D.

« {4,} € D disjoint, then 11 (U, An) = > p1(An) = 3 p2(An) = p2 (U, 4n). So
U, An €D.

So D is a d-system. O

Question: How to show all sets of a o-algebra &£ generated by £ has a certain property
P
G = {A C E : A has the property P}

and all elements of A has the property P. Possible methods:
(1) Show that G is a o-algebra.
(2) Show that G is a d-system and A is a 7-system, and use Dynkin’s lemma.

(3) MCT (monotone convergence theorem?)

10
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Definition (Borel Sets). Let E be a Hausdorff topological space. The o-algebra
generated by the set of open sets, i.e. 0(A) where A= {A C E: A open} is called
the Borel o-algebra B(E) of E. B(R) is written as B. A measure p on (F,B(FE))
is called a Borel measure on E. If p(K) < oo for all K compact, then p is called
a Radon measure on E. If u(E) = 1, p is called a probability measure on F, and
(E,&, ) is called a probability space (usually use (2, F,P)). If u(E) < oo, u is a
finite measure on E. If 3(E,) in € such that u(F,) < oo for all n and E =, En,
then p is called a o-finite measure (the Uniqueness of Extension holds for o-finite
measures).

Goal: one of the main goals of this course is to construct a Borel measure y on B(R?)
such that such that

d d
n (H(ai, bl)> = H(bl — ai) a; < b;
i=1 i=1

corresponding to the usual notion of volume of rectangles. This measure will be called
the Lebesgue measure after H. Lebesgue (1902).

We'll first look at d = 1.

Theorem. There exists a unique Borel measure p on R such that Va,b € R with
a < b, u((a,b]) =b—a(f). uis called the Lebesgue measure on R.

Proof. Existence: Consider the ring A of finite unions of disjoint intervals of the form
A= (a1,b1] U (az,bo] U---U(an,by] a1 <b1 <aa<by<---<an<by

Note that o(A) = B (Example Sheet) (as all open intervals in o(.A) and open intervals
generate open sets).

Define for such A € A,

n
p(A) = (b — a;)
i=1
This agrees with (t) for (a,b]. This is additive and well-defined (check). (Note that this
is important since representations aren’t unique, for example (0,2] = (0,1] U (1,2]). So,
the existence of p on B follows from Caratheodory’s theorem if we can show that p is
countably additive.

11
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e 2
Remark. (Example Sheet) p a finitely additive set function on a ring A. Then pu
is countably additive iff

o Ant A A e A = p(An) T u(A).
o In addition, if y is finite and A, | A, (4,), A € A, then u(A,) | u(A).

An = [n,00), Ay | 0.

- J

So, by example sheet, showing p is countably additive on A is equivalent to showing the
following: If A, € A, A, | 0, then pu(A4,) L0, A1 2 A D ---. (p finitely additive on a
ring A. THen p is countably additive iff A,, | 0, u(A;) < oo implies pu(A;) | 0).

We shall prove this by contradiction. Suppose 3B,, € A, By, | 0, but for all n, u(B,) >
2e > 0 for some ¢ > 0. For each n, B, can be approximated from within by C, € A
such that C,, C B, and u(B, \ Cy) < /2", For example,

By, = (a1,b1] U (az, by]
€ €
C, = (a1 + 72 : 2n,b1} U (ag + 72 : 2n,bg]
Then

Since pu(By) > 2¢ and u(B, \ (C1N---NCy)) <c¢,
= u(C1N---NCy)>e = C1N---NCL#D

SoK,=Cin---NnGC, #0. (K,,) is a sequence of decreasing bounded closed sets, each
non-empty, so (), K, # 0 (by completeness of R). But then 0 # (), K,, €, Bn = 0,
which is a contradiction.

Uniqueness: For uniqueness, suppose u, A are measures on 3 such that () holds for
sets of the form (a,b]. Define the truncated measures, for A € B,

pn(A) = pn(AN (n,n+1]) and A(A=AAN(n,n+1])

12



Then u, and A, are probability measures on B and u, = A, on the m-system of intervals
of the form (a,b], a < b, which generates B. So by Uniqueness of Extension, A\, = p, on
B. Hence for all A € B,

u(A) = p <U(Aﬂ (n,n+ 1]))
=> AN (n,n+1])
= ZNTL(A)

= A(A) O

s N
Remark.

1. A set B € B is called a Lebesgue () null set if A(B) = 0. Any singleton set

{x}:O(x—;,x]

is a Lebesgue-null set since A({z}) = lim;, 00 AN((x — 1/n, 2]) = lim;, 00 1/n =
0. In particular, A((a,b)) = A\([a,b]) = A([a,b)) = b — a. Any countable set @
satisfies A(QQ) = 0. There exist uncountable sets C with A\(C') = 0 (for example
the Cantor set).

2. Lebesgue measure is translation invariant: for z € R, and B € B, define
B+x={b+x:be€ B}, and define \,(B) = \(B + z). Then \,((a,b]) =
AM(a,b]+z) = A(a+z,0+2]) =b—a = A((a,b]). So \y = X on the 7-system
of intervals, and hence A\, = A on B. Question: Is the Lebesgue measure the
only such translation invariant measure on B?

3. Lebesgue-measurable sets: Caratheodory extends A from A to not just o(A) =
B, but actually to M, the set of outer measurable sets. M D B, but how large
is M?
M={ANN:AeB,NCB,BecB,\B)=0}

(Lebesgue o-algebra)

Start of

lecture 5
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We now show that B C P(R) (in fact, Mre, € P(R)). Vitali (1905) first showed such a
set exists.

Consider E = [0, 1) with addition modulo 1. Then Lebesgue measure is invariant under
this operation, i.e.
A(B) = AN(B+«x)

where adding is done modulo 1.
Question: If Be€ B, whyis B+x€B? G={BeB:B+x¢c B}

For z,y € [0,1), define the equivalence relation x ~ y if z —y € QN [0,1) (QN[0,1) a
subgroup on [0,1)). Using the Axiom of Choice (uncountable version), we can select a
representative from each equivalence class and form the set S. We will show S ¢ B.

The sets (S + q)geqno,1) are all disjoint and their union is [0, 1), i.e.
o= |J S+a
q€QN[0,1)

Now, if S were a Borel set, so would S 4+ ¢ be, and by translation invariance of A and
countable additivity of A,

1=X0,1)= > AS+g= > XS

qeQnlo,1) q€QNIo,1)
giving a contradiction. So S ¢ B.
e )
Remark. Extend this proof to show that S & My.p.
N\ J

Theorem (Banach-Kuratowski 1929). Assuming the continuum Hypothesis, there
does not exist a measure p on P([0,1]) such that

p([0,1)=1  and  p({z})=0Vz

Proof. Dudley (appendix). O

Henceforth, whenever we are on a metric space E, we will work with B(FE), which will
be perfectly satisfactory.

14



1.3 Probability Measures

We usually use (€2, F,P) to denote a probability space.

o  is the set of possible outcomes of the experiment / sample space.
e F is the set of events.

o« P(Q) =1, P(A) for A € F is the probability that the event occurs.

Kolmogorov (1933) set the axioms of probability theory.

Axioms:

(1) P(Q) = 1, P(0) = 0.

(2) P(E) >0 VE € F.

(3) P(U,, An) = >, P(A,) for all A, € F disjoint, i.e. P is a measure.

[ Remark. )
e (U, An) < X, P(4y).
e« AT A = P(A,) TP(A).
e Ayl A = P(A,) | P(A).

Definition (Independence). We say (A;,i € I), A; € F, are independent, if for all
finite sets J C I, we have

P| (4| =[P
Jje€J JjeJ

Say that the o-algebras (A;,i € I), A; € F for all i, are independent, if (A;,i € I)
is independent for all A; € A;.

Theorem. Let A, Ay be m-systems contained in F such that

P(Al N Ag) = P(Al)P(AQ) VA € .Al, Ag € Ay

15
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Proof. Fix A; € Ay, and define for A € o(A3):
W(A)=P(ANA),  v(A) = P(A)P(A)

Then p and v are finite measures, and they agree on the m-system As. Hence, by
Uniqueness of Extension,

n(A) =v(A) VA € 0(Az) (%)
Repeat the same argument, now by fixing Ay € o(As2).

W(A) =P(ANAy),  V(A) =P(AP(A) VA€ o(A)

By (%), 4’ = v/ on Aj, hence by Uniqueness of Extension, ' = v/ on o(A4;). O

1.4 Borel-Cantelli Lemmas

Given a sequence of events (A,,n € N), we may ask for the probability that infinitely
many of them occur.

Definition. For A, € F Vn, define

limsup A4,, = ﬂ U A,, = {A,, infinitely often}

n=1m>n

liminf A,, = U ﬂ A, = {A, eventually}

n=1m>n

Lemma (Borel-Cantelli Lemma 1). If > P(A4,) < oo, then P(A,, infinitely often) =
0.

Proof. Fix any n € N. Then
0 < PP(A,, infinitely often) < P U An | < Z P(A,)
m>n m>n

Take limit as n — oo. O

16
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Example.

{A4,, infinite often} = {infinitely many of the {4, } occur} = m U Am

n=1m>n
So if A, = {H in the n-th toss}, then
{A,, infinitely often} = {infinitely many heads}
( I
Remark. The lemma holds for any measure p (not just probability measures).
N\ J

Lemma (Borel Cantelli Lemma 2). Assume the events (A,,) are independent. Then
if >, P(A,) = oo, then P(A,, infinitely often) = 1.

Proof. We will use the inequality 1—a < e~ for all a > 0. Now, (A, )nen are independent
50 (AS)nen are independent. So, for all n and N > n,

N N N
0<P ( M Afn> = [T Peas) = TT (1 = P(Ap) < em Emen P

m=n m=n m=n

Taking N — oo,

o0 N
i im e Zm=nP(Am) — Iim ¢~ Zm=nP(Am) —
Oép(mﬂf%> %&i&ﬁ”(ﬂ Afn) = NI = e =0

P(ﬁ A;;):o

P(GAm>_1 Vn (%)

So,
ie.

U, Am =: B,,. Then
B, m B, = ﬂ U Ay, = {4, infinitely often}.

n m>n

So, as P(By,) = 1 for all n (by (%)), so P(A4,, infinitely often) = lim,,_,o, P(B,) =1. O

Remark. If (A,)nen independent, then {4, infinitely often} is a 0/1 event. For
all “tail events”, the probability is 0/1 (Kolmogorov 0 — 1 law, will prove later).

17



2 Measurable Functions

Definition (measurable function). Let (E, £) and (G, G) be 2 measurable functions.
A map f: E — G is called measurable if f~'(A) € £ VA € G, where f~1(A) is the
pre-image of A under f, i.e.

YA ={zcE: fla) € A}.

When (G, G) = (R, B(R)), we simply say f is measurable. If E is a topological space
and £ = B(E), then f is called Borel.

Remark. Preimages preserve set operations:
S (U&) =Jf'4) and fTHG\A)=E\f (A

(Checking these is an exercise).

So, {f1(A): A € G} is a o-algebra on E and {A C G : ') € £} is a o-algebra
on G. If G = o(A) and f71(A) € EVA € A, then {A C G : f7}(A) €&}isa
o-algebra containing A, hence it contains 0(A) = G. So f is measurable.

In particular, when G = R, G = B, then B = o(A) where A = {—00,y] : y € R},
so f is Borel measurable if and only if {z € F: f(x) <y}t e EVy e R. If Fis a
topological space, f : E — R continuous, then for A = {U : U open}, f~}(E) € £
(as f~1(U) is open). So f is Borel-measurable.

Example. For A C FE, the indicator function

re A
]lA(x):{(l) :UZA

is measurable if and only if A € £.
Composition of measurable functions is measurable (easy exercise).

For a family of functions f; : E — G, i € I, we can make all (f;) measurable with
respect to the o-algebra

E=o(fi ' (A):Aecg,iel).

€ is called the o-algebra generated by {f;}ier.

18



Proposition. If fi, fo,... are measurable R-valued, then
fi+ fo,  fife, irﬁf fn, sup fn, limninf fn, limsup f,
n n

are all measurable.

Proof. See Example Sheet 1. O

Theorem (Monotone Class Theorem). Let (F, &) be a measurable space and A a
m-system generating £. Let V be a vector space of bounded functions f : £ — R
such that

(1) 1eVandlpeVVAc A
(2) If f € V ¥n and f bounded with 0 < f,, 1 f, then f € V.

Then V contains all bounded measurable functions.

Proof. Let D={A € E:14 €V}. Then D is a d-system. This is because 1 = 1g € D,
Ippa=1p— A€V, if AC B,asVis a vector space. If A, € D, ie. 1y, €V, A, T A4,
then 14, 114 so by (2), 14 € V,s0 A€ D.

It contains the m-system A so by Dynkin’s lemma, contains o(A) = &, so D = &, i.e.
14 € VVA € &. Since V is a vector space, it contains all finite linear combinations of
indicators of measurable sets. So,

fa=2""12"f] e V.
Then
fa(@) =27"[2"f(=)]

=27 il el
§=0
Ky
=27 Ly /o)
§=0
for some finite K, since f is bounded. Then f, < f < f, +27™. So |f, — f| — 0 as
n—ooand f, T f.

So0 < fu 1 f,fn €V, and f is bounded non-negative. So f € V by (2). Finally, for any
f bounded measurable, f = f* — f~, where f* = max(f,0), f~ = max(—f,0). f*, f~
are bounded non-negative measurable and € V. So since V is a vector space, f € V. [
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Definition (image / measure). Let (E,£) and (G,G) be 2 measurable spaces, f :
E — G measurable, and p a measure on (F,£). Then p induces an image / pull-
forward measure V on G given by V = po f~1 ie. V(A) = u(f~(A)) VA € G. This
is well-defined and V is a measure (Example Sheet 1).

s N
Note. Starting from Lebesgue measure, we can get all probability measures (Radon

measures) in this way.
L J

Lemma. Let g : R — R be non-constant, right continuous, and increasing. Set
G(£oo) = limy 100 g(z) and I = (g(—00),g(00)). Define f : I — R by f(z) =
inf{y € R: g(y) > x}. Then f is left continuous, increasing and Vz € I,y € R,

flz)<y = z<gy) (flz)>y = z>g(y))

f is called a generalised inverse of g (if I = (0,1) then f is the quantile function).

Proof. Fix x € I. Define J, = {y € R : g(y) > x}. Then J, is non-empty and
bounded below and hence f(z) € R. Since g if increasing, if y € J, and ¢y > v,
then g(y') > g(y) > z, i.e. vy € J,. Since g is right continuous, if y, € Ju, yn | v,
then g(y) = limy 00 9(yn) > 7, ie. y € Jp. So Jp = [f(x),00). Sox < g(y) <=
yeJ, < flx) <y Ifzx <2, wehave J, D Jp (asy € J, = y € Ju, as
yed, = gly) 22 = gy) 2z = y € Jz). So [f(x),00) 2 [f(2'),00), s
f(z) < f(a'), ie. f is increasing.

To show f is left continuous: Let x, 1 2. Then J, = (), Jz,, i.e. [f(2),00) =
(M [f (2n), 00), s0 f(zn) = f(2). O
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Theorem. Let ¢ : R — R as in the lemma. Then there exists a unique Radon
measure ji; on R such that Va,b € R with a < b,

pg((a,b]) = g(b) — g(a)

Also, every Radon measure can be obtained in this way.

( )
Remark. The measure 1, is called the Lebesgre-Stieljtes measure associated with

g.
- J

Proof. Define I, f as in the lemma, and let A\ be the Lebesgue measure on I. f is Borel
measurable since

FH(o0,2) ={z el flz) <z} ={rel:z<g(2)}=(9(~00),9(z)] € B
and {(—o0, z] : z € R} generate B, hence f is measurable.

Thus, the induced measure p, = Ao f~1 exists on B, where y5(A) = A(f~}(A)). Then

By the Uniqueness of Extension for o-finite measures, p4 is uniquely determined.

Conversely, if V is any Radon measure on R, define

V((Oy))  y=0

g:R—>R as g(y>:{—V((y,0D ) <0

VY Radon implies g : R — R. Easy to check g is right continuous (y > 0, vy, | y, then
(0,yn] 4 (0,y] and then V((0,y,]) 4 V((0,y]) by countably additivity, and for y < 0, if
Yn 4 y then use a similar argument). So g is increasing. Lastly,

V((a,b]) = g(b) — g(a)

(check cases 0 € (a,b) and 0 & (a,b). O
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Example. Fix x € R. Take g = 1,

Then py = 6,: Dirac measure at z, i.e.

1 zcA
5””(‘4):{0 xZAVAeB
xr

2.1 Random Variables

Definition (random variable). Let (£, F,P) be a probability space and (E, &) a
measurable space. Let X :  — FE a measurable function. Then X is called a
random variable in E.

X models a “random” outcome of an experiment. For example Q@ = {H,T}, X :
# heads : Q — {0,1}.
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Definition (distribution). The image measure uy = P o X! is called the law or
distribution of X. It is a measure on (E,E).

If E =R, px is uniquely determined by its values on the m-system {(—oo, z] : z € R}
given by

Fx(z) = px((—o00,z]) =Po X }((—00,2]) =P(w € Q: X(w) < z) =P(X < z).

The function Fx is called the distribution function of X, because it characterises
the distribution of X.

By properties of probability measure:
(1) Fx is increasing.

(2) Fx is right continuous (z, | * = (—o0, z,] | (—00, ] hence countability additiv-
ity of Po X 1)

(3) Fx(—o00) =limy_oo Fx(z) =0, Fx (0o = limy_0 F(z) = 1.
Any F : R — [0, 1] satisfying all these properties is called a distribution function.

Start of

lecture 8 Given any distribution F', there exists a function X such that F = Fy, i.e. F(z) =
Fx(z)=P(X <z)Vz (Plwe Q: X(w) <z).

Proof. Let € = (0,1) and IP the Lebesgue measure A ). Let F' be any distribution
function. Then F is 1, right continuous, so we can define

Xw)=inf{z:w<F(z)}:(0,1) > R
Since X is a measurable function, X is a random variable.

Ve, Fx(z) =P(<2) =PlweN: X(w) <z)=Pwe Q:w< F(x)) =P(0, F(x)]) :gx)

Definition (Independent variables). A (countable) family of random variables
(Xi, ¢ € I) is said to be independent, if the family of o-algebras (o(X;),i € I) is
independent (where recall 0(X) = o{X}(A): A€ &} for X : Q — (E,€)).
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Proposition. For a sequence of random variables (X,,,n € N), this sequence is
independent if

P(X; <xp,...,X, <x,) =P(X; <z1)-- - P(X,, < zp) Vzi,...,2, € R,n € N.

Proof. Example Sheet 1 O

2.2 Rademacher functions

Question: Given a distribution function F', we know there exists a random variable X
corresponding to it. But given an infinite sequence of distribution functions Fi, Fo, ...
does there exist independent random variables (X7, Xo, ...) corresponding to them?

Let (Q, F,P) = ((0,1),8(0.1), A|(0,1))- Any w € €2 has a binary expansion:

w=0- w1 wy wg -, w; € {0,1}
1 1 1
5 1 3

If we exclude representations ending in an infinite sequence of Os, then the representation
is unique.

Define R, : Q — {0,1} by Rp(w) = wy, i.e. Ry =1y, —13 So
Ri =131, Ro=1l{,=13 = L =0w=1TL{w1=1w=1} = La/a,1/2)tL(3/4,1), Rz=---

So R,s are finite sums of indicators of intervales, hence measurable, i.e. they are random
variables. They are called Rademacher functions.

Claim: R; are IID Ber (3). P(R, = 1) = § = P(R,, = 0) Vn.
PRy =z1,Re = 22,..., Ry =2,) =27" =P(Ry = 21) - - - P(Rp, = )
and hence (R;);en independent.

Now, choose a bijection m : N> — N and define Yin = By(k,n) and set Yy, = ppay Q*kYk’n
(converges on |Yj .| < 1).

Claim: (Y,), are IID U(0,1) (i.e. py, = A(o,1) and (Y;,) are independent). independent
is easy (Y] is measurable function of Y7 1, Y5 1,. . ., similarly Y5 is a measurable function of
Yi2,Y22,..., but note that these two lists are independent). Any measurable functions
of independent random variables are independent (check!).
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The law of Y}, is identified on the 7-systemof intervals (2%, ’;—ml], 1=0,1,...,2"—1,m €
N. And
i i+1 i N ok i+1
IP’(2m<Yn§ o ):P<W< > 2 MY, < o )
K=1

7
=PYin=vy1, - Ymn = Ym) wherez—m:()-ylyg-wym

)

1 1+ 1
=A <2m 2m}
Hence py,, is Ao,1), i-e. Y1 are IID U(0,1). Then, as before, set

Gn(z)=F, (z) =inf{y : 2 < F,(y)}

then G,,’s are Borel functions. Set X,, = G, (Y,,), n =1,2,.... Then as before Fx, = F,
and (X,) are independent (as (Y,,)ny are independent).

2.3 Convergence of Random Variables

Definition (almost everywhere). (E,&, ) be a measure space. Let A € £ be
defined by some property. We say the property holds almost everywhere (a.e /
p.a.e) if p(A¢) = 0. If p is a probability measure, we say almost surely (a.s) if
P(A€) =0, i.e. P(A) =1 (w.p.1).

Thus if (fn), f, (E,&,u) — (R, B) measurable, we say

e fn — f almost everywhere if

p{z e E: fulz) # f(z)}) =0
for P, almost surely P({w € 2 : X, (w) = X(w)}) = 1.

e fn— fin (p-)measure if Ve > 0,

p{z € B [fuz) — f(x)] > }) =0
as n — 0o, and in (P)-probability if P(| X, — X| > ¢) — 0.

Theorem. Let (f,) be a sequence of measurable functions. Then if u(E) < oo,
then f, — 0 almost everywhere == f,, — 0 in p-measure. (f, = 1, ) and the
Lebesgue measure then f,, — 0 almost everywhere but u(|f,| > &) = co ¥n).
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Proof. Fix € > 0. Suppose f, — 0 almost everywhere. Then

u(lfal <€) > ( () {Ifml < a}>
m=1

T u(|fn] < eventually)

n—oo

> N(fn — O)
= u(E)
< 00

Ap = ﬂ {|fm| <e} 1 U ﬂ {|fm| < e}

n=1m=n
Hence
lim (| fn] <€) = p(E)

n—o0

So, limy, 00 (| fn| > €) = 0. O

‘ Theorem. If f,, = 0, then 3 subsequence (ng) such that f,, — 0 p.a.e.

Proof. Suppose f, —— 0. Choosing & = %, then u(|fn\ > %) — 0asn — co. We

can get ny such that p (]fnk\ > %) < k% We can choose ngy1 in the same way (i.e.

1 (\fnkﬂ\ > k%_l) < (k%)g, and such that ngy1 > ng).

So we get a subsequence (ny) such that
1 1
H <‘fnk’ > k) < 72
Also, >, o < o0

So D i p (|fnk| > %) < 00. So by Borel-Cantelli Lemma 1,

1.
1 ]fnk\>%1.o =0

= :u(fnk vas 0) =0
ie. fn, — 0 pae. g
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Remark. Going to a subsequence is necessary, i.e. convergence in g measure /=
[h.a.€ convergence.

For example, let (A4, )nen be independent events such that P(4,) = % Let X,, =

La,. Then X, —= 0 (as P(|X,| > ¢) = P(4,) = L = 0 Ve > 0). But ¥, P(4,) =
00, i.e. > P(|Xy| >¢e) =00 and {|X,,| > €} are independent. So by Borel Cantelli
Lemma 2 = P(|X,| > ei.0) = 1, hence X,, /4 1 almost everywhere.

Definition (Convergence in distribution).  For X, (X,), a sequence of random

variables, we say X, NS e (X, converges to X in distribution), if

n—oo

Fx, (t) — Fx(t) Vt such that Fx(t) is continuous

(this definition does not require (X,,) to be defined on the same probability space).

Remark. If X, £, X, then X, A x (proof is on Example Sheet 2).

Example. (X,,)nen be IID Exp(1), ie. P(z, > z) = e * Vn € Nyz > 0. Find a
deterministic function g : N — R such that almost surely

X
limsup —~ =1
g(n)

For a > 1, P(X,, > alogn) = e 8" = n=2 S0 3" P(X, > alogn) < oo if and
only if @ > 1.

For any € > 0, > P(X,, > (1 +¢)logn) < 0o, so by Borel-Cantelli Lemma 1,

X,
IP>< " >1+5i.0>=0
logn

Also, >, P(X, > logn) = oo, also {X,, > logn} are independent events (as (Xp)
independent), so by Borel Cantelli Lemma 2,

]P’( Xn >1i.o> =1
logn

X
P <limsupln = 1) =1.
ogn

So
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Definition (Tail events). Let (X, : n € N) be a sequence of random variables.
Define

Tn — O'{Xn+1,Xn+2, 50 }

and define 7 = (), o Tn-

Then 7 is a o-algebra called the tail o-algebra (contains events that depend only on
the “limiting behaviour” of the sequence).

Theorem (Kolmogorov 0—1 law). Let (X,,), be a sequence of independent random
variables. Then for the tail o-algebra 7, if A € 7, then P(A) = 0 or P(4) = 1. If
Y : (Q,7) — R is measurable, then Y is almost surely convergent.

Proof. Let F, = o(X1,...,X,). Then F, is generated by the m-system of sets
A={X) <z1,Xy<x9,..., X, <z} T1,...,Tn € R.
and 7, = 0(Xp41,...) is generated by the m-system of events
B={Xp+1 < xpni1,o oy Xngk < Ttk ), Tptl,---,€ER EEN

By by independence P(A N B) = P(A)P(B) for all such A and B. Hence, by an earlier
theorem, F,, and 7, are independent. But 7 C 7,, so F,, and 7 are independent for all
n.

Now, consider | J,, F, (F1 € F C ---) is a m-system that generates Foo := 0(Xp,n € N).

But |,, F» and 7 are independent, so by the theorem again, F, and 7 are independent.
But 7 C F, so forany A € 7, A € Foo,

ie. P(A) =0or P(A) = 1.

Finally, if Y is 7 measurably, for any y € R, {Y <y} € 7, s0 P(Y <y) =0 or 1. Then
c=inf{y : P(Y <y) =1}, then P(Y =¢) = 1. X; IID, EX < 0o, then
21 Xi >y Xi
n

lim sup =*=——, lim inf
n

are constants almost surely. O
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3 Integration

For (E,&, ) a measure space, f : T — R measurable and f > 0, we shall define the
integral of f and write it as

u(f) = /E fdu = /E F(@)du(z)

When (E,&,p) = (R, B, \), we write it as [ f(z)dz.
For (E,&,n) = (Q,F,P), and X a random variable, we define its Ezpectation
E(X) = / XdP:/ = X (w)dP(w)
Q Q

To start, wesay f : E — Ris simpleif f = > " jagla,, 0 <a, < oo, Ay € EVk,m € N.
Define for such simple f,

p(f) = arp(Ar)
k=1

(where 0 - 0o = 0). This is well defined (see Example Sheet 2). Check for f,g simple,
a? 6 Z 07

(a) plaf + Bg) = au(f) + Bu(g)

(b) f<g = wp(f) <ulg)

(¢) f =0 almost everywhere — u(f) = 0.

Example. If X, i> X, then X, i> X. X, & X but X,, A X almost surely
((0,1], B, A).
fl = ]1(07%]7 f2 = ]1(%71]
f3= ]1(071]7 Ja= ﬂ(

3

o fs =Ty

wn

)

wl=

fe = 1(071}7 000

4
Then f,, — 0 in A-measure, but f,, 4 0 A\ almost everywhere. For any = € (0, 1],
(fn(x)) has an infinite sequence of 1s, hence f,(x) 4 0.
Recall, for f simple, i.e. f=> 7" apla,, ax >0, Ag € &, then

u(f) = /fdﬂ = apu(Ap)
k=1

(recall the properties given last lecture).
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Definition (Measure of function). For f : E'— R measurable, f > 0, define

p(f) = sup{u(g) : g simple,g < f}

Clearly, if 0 < fi < fa, then u(f1) < u(fa).

For general f : E — R measurable, f = f* — f~, where f* = max(f,0), f~ =
max(—f,0) and |f] = £+ + f-.

Definition (Integrable function). We say f is integrable if p(|f]) < oo and then
define

u(f) = p(f*) = n(f)
(u(If]) = p(f+) 4+ p(f7), hence |u(f)] < u(|f]))-

If one of u(f*) or u(f~) is co and the other is finite, we define u(f) to be oo or —oo
respectively (though f is not integrable).

o x, Tatomean z, < xpy1 Vn, z, -

o fu f to mean fo(x) < fosi(z) Vo € B and fu(z) = f(2).

Theorem (Monotone Convergence Theorem). Let (fn)n, f : (E,&, 1) — R measur-
able and non-negative, and suppose f,, T f. Then u(f,) T p(f).

Proof. Recall u(f) = sup{u(g) : g < f,g simple}. Let M = sup, (u(/), then u(fa) 1
M. Need to show that M = pu(f).

Since fo < f, u(fn) < p(f), so by taking sup, M < u(f).

Now need to show M > p(f). So it is enough to show M > u(g) for all g simple, g < f.
Let g = > 3 agla, < f. Assume without loss of generality, that (Ay)s are disjoint.
Define the approximation g, as

gn(@) = 27" [2"fu(@)]) L\ _9(x)

min

So gn is simple, g, < fo < fu T fis0gn=fuAg T fAg=y, ie g, 1 g, gn simple,
gngfn

Fix € € (0,1) and consider the sets

Ar(n) = {r € Ag : gn(z) > (1 — €)ag}

30



Now, g = aj, on the set Ay, and g, 1 g, so Ax(n) 1 A, hence u(Ag(n)) 1t u(Ag). Also,
Laym)(I —e)ag < 1a,(n)gn < 1a,9n
So as u(f) is increasing, we have,

(L, ) (1 = €)ax) < p(La,gn)
= (1 —¢&)agu(Ar(n)) < u(La,gn) (*)

Finally, g, = Y 51 14, 9n (9n < g and g support on |J;_; Ax and (Ay) are disjoint), so

1(gn) = <Z ﬂAk9n>
k=1

n
= :u(]lAkgn)

k=1
> Z(l —&)agp(Ag(n)) by ()

Then
(1 —e)ulg) < lim plgn) < lim p(fn) <M
g’lLan

ie. p(g) < 1—]\1 for all € > 0, hence u(g) < M. O

Theorem. Let (f,g) : (E, &, u) — R be measurable, non-negative. Then Va, > 0,
(a) plaf+Bg) = au(f) + Bulg)

(b) f<g = w(f) < pg)

(¢) f =0 almost everywhere <= pu(f)=0.

Proof. (a) Let f, = (27" [2"f]) An, g, = (27" |2"g]) A n. Then, f,, g, are simple and
T f, gn T g Then af, + Bgn T af + Bg. So by Monotone Convergence Theorem,
u(fn) T u(f), 1lgn) 1 ulg), plafn + Bgn) T plaf + Bg).

(b) Obvious from the definition.
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(c¢) If f =0 almost everywhere, then 0 < f,, < f, so f,, = 0 almost everywhere, but f,
simple = u(fn) =0 and p(fn) T u(f) so u(f) =0. O

Theorem. Now, let f,g: (E,&, u) — R be integrable. Then Vo, 5 € R,
() wlaf + Bg) = au(f) + Bulg)

(b) f<g = wu(f) < pg)

(¢) f =0 almost everywhere = pu(f) =0.

Proof. Exercise. Set f = ft—f~, g =g"—g~, and use definition, u(f) = p(f*)—pu(f7).
If p(ft) = p(f), then u(f) =0 but f need not be 0 almost everywhere. O

( N
Remark.

(1) If 0 < f,, 1 f almost everywhere, then u(f,) T pu(f).

(2) Monotone Convergence Theorem = lim, [ f,dp = [lim, f,du for 0 < f, 1
lim f,, = f. If g, > 0, then (writing f,, = >3 gk, fn T f = 22021 9k)s

— liTan/ngdu= / (Z%) dp
k=1 k=1
= Z/gdeZ/Zdeﬂ
k=1 k=1

i.e.

> ulgr) = (Z 9k>
k=1

k=1

This generalises the countable additivity of u to integrals of non-negative func-
tions. In part, if g = 14, where (Aj) disjoint, implies countable additivity of

-

o f 20, u*(f) =sup{u(g),g simple,g < f}. For f simple, > 0, is p*(f) = p(f)?
w*(f) > wp(f) is easy. For any g simple, g < f, u(g) < u(f), taking supremum of
LHS, we get p*(f) < p(f)-
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o f measurable, f > 0, f bounded, then 27" [2" f] is simple. For unbounded f, we
truncate to f, = 27" [2"f] A n (which is simple and has f, T f).

A general question we begun to explore last time: when can we say that

lim/fnd,u— /limfnd,u?

Example. f, = 1(,pnt1), fo 20, fu = 0as n — oo. But limy, 500 A(fn) = 1 >
A(0) = 0.

Lemma (Fatou’s Lemma). Let f, : (E,&, 1) — R be measurable, non-negative.
Then
p(liminf f,) < liminf u(f,)

Recall that

liminf x,, = sup inf zg

Proof. For k > n, inf,;,;>, fm < fr. So
plinf frn) < u(fe) Yk zn

ie.
plinf ) < inf () < limint () ()

Let g, = inf,,>, fm. Then g, > 0, and g, 1 sup,, g, = sup,, inf,,>, f = liminf f,,. So
by Monotone Convergence Theorem, p(gy) 1T p(liminf f,,). Taking limit in (%), we get

p(liminf f,) < liminf u(f,) O

Theorem (Dominated Convergence Theorem). Let (f,) : (E,E,u) — R be mea-
surable. Suppose |f,| < g for all n, for some integrable function g (i.e. p(g) < o).
Also suppose f, — f asn — oo on E. Then f, f, are integrable and

p(fn) = p(f)

Proof. f is measurable since it is a limit of measurable functions. Also, taking limits of

fn, f are integrable.
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We have 0 < g + g, — g + f, so since g &+ f,, are non-negative, by Fatou’s Lemma, we
have

p(g £ f) <liminf u(g £ fr)
B u(g) + p(f) < lminf(u(g) + p(fa)) < p(g) + liminf u(f,)

pu(g) — p(f) < liminf(u(g) — p(fn)) < p(g) — limsup p(fn)
As u(g) < oo, we get

p(f) < liminf p(fn) < limsup p(fn) < p(f)

ie. p(fu) = u(f). =

( N
Remark.

(1) The theorem is still true if we change all the conditions to hold almost every-
where (instead of everywhere).

(2) In fact, u(|fn — f|) — 0 (recall that u(|g|) > |u(g)|, which in this case shows
,u(|fn - f|) > ’M(fn) - M(f)‘)

We prove this by noting |f, — f| < |ful +|f] < g+ g = 2g and 2g is integrable,
so applying Dominated Convergence Theorem we get that pu(|f, — f|) — 0.

(3) If (E, &, pn) =(Q,F,P), X,, » X, Palmost surely, and | X,| <Y with EY < oc.
Then EX,, - EX and E|X,, — X| — 0. In particular, if |X,| < M Vn, for
some constant M > 0, M € R, then E|X,, — X| — 0. (Bounded Convergence
Theorem).

(4) fn measurable on [0,1] and |f,| < 1, and f, — f pointwise, then [ f,dz —
[ fdz ([ fadA(z)). So stronger than Riemann integral as it requires uniform
convergence.

Comparisons with Riemann integral

(a) FTC:

(1) Let f : [a,b] — R be continuous and set F(t) = fat f(z)dz. Then F is differen-
tiable on [a,b] with F' = f.

(2) Let F : [a,b] — R be differentiable and F’ is continuous, then f; F'(z)dz =
F(b) — F(a).
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Proofs are the same as before (just use ftHh dz = h).

(a") If f : [a, b] — R is Lebesgue integrable and F(t) = fj f(z)dz. Then limy,_,q w =
ftt+hf x

limy,_g % = f(t) almost everywhere (Lebesgue differentiation Theorem in
Analysis of Functions).

(b) Substitution formula: Let ¢ : [a,b] — R, ¢ strictly increasing and continuously
differentiable. Then for all g Borel measurable, g > 0 on [p(q), ¢(b)],

w(b) b
/ g(y)dy = / o(p(@)¢ (z)de ()
v(a) a

Proof. Let V be the set of all measurable functions g for which (x) this holds. Then
by lineariy of integrals, V is a vector space.

o 1 €V by FTC(2). holds. Also, 1.4 € V by FTC(2).

o If fo €V, fut f, fn >0, then by Monotone Convergence Theorem, f € V.

Hence by Monotone Class Theorem, (*) holds Vg > 0 measurable. O

(¢c) A (bounded) Riemann integrable (RI) function f : [a,b] — R is Lebesgue integrable
in the following sense. If f is bounded on [a, b], f is RI if and only if D = {z € [a,}] :
f is not continuous at x} has \(D) = 0 (Lebesgue 1904), i.e. f is continuous almost
everywhere. Such an f need not be Borel (but is Lebesgue measurable), and can
be modified on a Lebesgue measure 0 set to make it Borel, i.e. 3f Borel such that
f=fon Aand \(A°) =0, and ffdac = [ fdx (where we use Lebesgue integral on
the left, and Riemann integral on the right).

(d) 1g on [0,1]. D = [0,1], A(D) # 0, so 1g is not Riemann integrable. But lg is
Lebesgue integrable and 1g = 0 A almost surely, so A(1g) = 0.

Start of

lecture 12 Theorem (DCT for almost surely convergence). (€2, F,P) is a probability space and
(Xn), X are random variables. Suppose X,, — X P almost surely and |X,,| <Y Vn
for some integrable random variable Y (i.e. EY < 00), then

E|X, — X| =0

as n — oQ.
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Theorem (DCT for in P convergence). (€2, F,P) is a probability space and (X,,),
X are random variables. SUppose X,, — X in P probability, and | X, | <Y Vn for
some integrable random variable Y. Then

E|X, — X| =0

as n — oQ.

Proof. Suppose E| X, —X| # 0. Then there exists a subsequence (ny) such that E|X,, —

X| > ¢ for all k, for some € > 0. Now, X, 2 X implies X, . X. Hence A(ng,)
such that X, 2% X and ]Xnkl\ <Y. But then by Dominated Convergence Theorem,
E[Xn,, | = 0, but that contradicts the constructed property of (ny). O

Theorem (BCT for in P convergence). X, =, X and | X| < M for some constant
M >0, ¥n > 0. Then E|X,, — X| — 0.

Theorem (Differentiation under the integral sign). Let U C R be open and f :
U x E — R such that

(i) @+ f(t,z) is integrable for all ¢t € U.
(ii) t — f(t,x) is differentiable Vz € E.
(iii) J¢ : E — R integrable such that Vx € E, Vt € U,

s

o 0| < 900

THen x +— %(t, x) is integrable V¢ and F' : U — R defined by

ﬂﬂ=éjw@Mm)

is differentiable and d of
—F(t)= | — .
SF0 = [ St 0)u(da)
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Proof. For h,, — 0, set

_ fl+hn,x) = flt,x)  Of
gn(z) = I, ot

For any fixed t, gn(z) — 0 for all z € E (by (ii)), and
of - i
n = |57\ a8, U S S 2
90(0)] = [ 20 ) =T t,)| < < 29(a)
———
MVT

and 2g is integrable. Hence, p(g,) — 0 by Dominated Convergence Theorem, i.e.

[ =IO, gy - [ uan) -0

. F({t+hy)—F(t) [Of
. hy, = | ot
=F'(t)

i.e.

(¢, 2)p(dz). O

Integrals and image measures

Let f: (E,&, 1) — (G,G) be measurable with the image measure v = o f~! on (G, G).
If g : (G,G) — R measurable, > 0, then

v(g) = /G g(a)dv(x) = /G gduo f1 L /E o(f (#)du(z)

(the ? equality is an exercise on Example Sheet 2). Then

po f~Hg) = p(go f)

In part, for X : (2, F,P) — R measurable, X > 0, we have

E(g(X)) = /Q 9(X (w))dP(w) = / o(z)dpx (z)

where iy = Po X! is the law of X.

Densities of measures
For f: (E,&, u) — R measurable, > 0, let

V(A) = pu(f1a) VA € £ (z / fdu>
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Then v is a measure on (E, &) (check).

For any g measurable, g > 0 on E, v(g) = u(fg), ie. [gdv = [ gfdpu.

Proof. Holds for indicators by definition, then holds for simple functions by additivity,
and for non-negative measurable functions by MCT. 0

We say that v has the density f with respect to u. (u(fla) = u(gla) VA € € =
f =g p almost everywhere (Example Sheet 2)).

IN part, for p = A (Lebesgue measure), Vf Borel, if u(f14) =0 for all A in a 7-system
generating £, then f = 0 almost everywhere.

There exists a Borel measure v on R given by v(A) = [, f(x)dz and then Vg Borel,
g >0, v(g) = [ f(z)g(x)dz. We say that v has density f. This v is a probability
measure on (R, B) if and only if [ f(z)dz = 1. For X : (Q,F,P) — R, if the law ux (i.e.

P o X~!) has the density fx (with respect to ), we call fx the probability density of
X. Then

P(X € A)=PoX Y(A) = ux(A) = / fx(x)dz VA € BYg Borel,g > 0
A

(taking A = (—o0, x|, Fx(z) = [ fx(x)dz. If Fi = fx, then this holds).

- /g(x)dux(ﬂi) = /g(x)fx(x)dﬂﬂ

3.1 Product Measures

Definition (Product measure). Let (E1, &1, 1) and (E2, £2, p2) be 2 finite measure
spaces. On the Cartesian product F := E; X Es, we consider the set of ‘rectangles’

A:{Al XA2:A1€51,A2€52}

Then A is a m-system. Define the product o-algebra & = & ® £ 1= o(A).

One can show that if F; are topological spaces with a countable basis, then
B(El X Eg) = B(El) & B(Eg)
(where Ej x Ej is the product topology on E; x Es; see Dudley for a proof).

Goal: To construct a product measure on (Ey X Fy, & =& ® &).
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Lemma (Lemma 1). Let f : E — R be £-measurable. Then Vx; € Fy, the function
To —r f(l'l,:I}Q) : E2 — R (*)

is Es-measurable.

Proof. f =14 where A = Ay x As.

Ly, (x ifx;€e A
]lA(xl,l'Q) = ﬂAlez(wlny.Q) = lAl(xl) . ﬂAQ(-rQ) — 2( 2) 1 .
0 otherwise

Let V be the set of all functions for which (x) holds. If f, € V for all n, f,, T f, then
f € V. By Monotone Class Theorem, V contains all bounded measurable functions f.
fan=(En)V fAn, fpreVand f, = f. So feV. a

Lemma (Lemma 2). Let f: (E,€) — R be measurable and
(i) f is bounded or
(ii) f is non-negative.

Then

fi(z1) = : f(z1,22)p2(dze), =1 € En

is £&1-measurable and (i) bounded or (ii) non-negative, taking values in [0, co].

Remark. A function f taking values in [0, 00] is measurable means f~!(c0) € &,
fY(A) € € for all A € B.

Proof. f = 14,x4, then fi(xz;) = f]lAlXAQ(l‘l,xg),U,Q(dﬂfg) = 14, (1) X p2(Ag) is & -
measurable. f,, T f. Use Monotone Convergence Theorem and limit of measurable
functions if measurable. Conclude using the Monotone Class Theorem. O

Theorem. There exists a unique measure p = p1 ® pe on £ such that

,u(Al X Ag) = ,ul(Al)Mg(Ag) VA, € 51,142 €&
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Proof. Uniqueness obvious as A is a m-system generating £ and p is a finite measure.
For existence, define the iterated integral

)= [ (f 2 La(os (e ) (o) A€

This definition makes sense by the previous two lemmas. Clearly, () = 0, and p(A; x
Ag) = p1(A1)pe(Ag). p is countably additive: if (A4;) disjoint, A = (Ji = 1°°A4,, then

14 =732, 14,, so apply Monotone Convergence Theorem twice. O
( N
Remark. Note that
u(A) = / (/ ]lA(xla$2)M1(dxl)> p2(dz2)
By \JE;
by Dynkin’s lemma.
~ Y

Theorem (Fubini-Tonelli). Consider (E, &, u) = (E1 X B2, EQRE, i1 @ua), wi( E;) <
00.

(1) Let f: E — R be measurable, f > 0. Then

un @ [ ( ) f(x17w2)u2(d$2)) ) @ [ 2 < . f(xl,mm(dxl)) e

N

(2) Let f: E — R be p-integrable (i.e. [|f|du < o). If we set

Ay = {21 € By : /E | (21, 22) | dpia(a3) < o0}

and define f; : E1 — R by fi(x1) = ng f(z1, z2)dua(ze) for all ;3 € A; and 0
otherwise. Then 1 (A§) = 0 and f; is pi-integrable and pq(f1) = p(f).

Proof.

(1) The identities (t) and (%) hold for f = 14 for A € &, by definition of product
measure u. Hence they extend to simple functions by linearity and for general

functions f > 0 by Monotone Convergence Theorem and approximation by simple
functions f, = 27" [2"f| A n.

(2) Define i : Ey — [0,00] as h(z1) = [ [f(21,22)|p2(dz2). By the Lemma 2, h is
measurable (as |f| > 0), is non-negative, so A1 € & (as h~}({oo}) € &1, {c0} = AS).
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So by (1),
/El (/152 |f($1’$2)’“2(d$2)> pi(day) = p(lf]) < oo.

Hence, p1(Af) = 0 (hence f1 integrable) (as u(h) > u(hlac) = oo if p(Ag) > oo).
Setting

fi(z1) = . S (@1, 22) pa(das), fi(z) = : (1, 22) p2(dra),

we see
fi= (A = f)la, = fi1a, — fi1a,

Also, i () 2 u(f+) < 00 and (1) L u(f) < o0, so,

w(f) =p(f*) = pu(f7) = m(fi) — ma(fi) = pa(fr) O

( N
Remark.

(1) The proof of (2) is symmetric in pi, f1, so pi(f) = w(f) = pa2(f2). So we can
interchange the order of integrals whenever f > 0 or f integrable.

(2) The theorems extend to o-finite measures p.

(3) Associativity is easy to check, i.e. (&1 ® &) ®E = & @ (&2 ® &) and g ®
(p2 @ p3) = (p1 ® p2) ® pg. So we can define the n-fold products Q- p1; on
(B1 X -+ x E,,E®---®&,) and n-fold integrals. In particular, when E; = R
and p; = A, we get @Q;; A on (R", B(R™)).

Start of

lecture 14 Proposition. Let Xi,..., X, be random variables X; : (Q, F,P) — (E;,&;). Set
E=Ex---XE, E=&E®--®&, Consider X : (QF,P) — (E,E) given
by X(w) = (X1(w),...,Xn(w)). Then X is £-measurable and the following are
equivalent:

(i) Xi,...,X, are independent (i.e. o{X; '(A): A € &} are independent).

(i) px = px, @ px, @ -+ ® pix,,

(iii) For all bounded measurable f; : E; — R,

E <H fi(Xi)> = [[E(fi(x2).
=1 =1
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Proof. X measurable: X 1(A) € F VA € £. Enough to check

Xﬁl(Al X oo X An) = {w : X,(w) S Al,...,Xn(w) € An}

= ﬁ Xz‘il(Ai)
i=1

is in F. But this is true since X; : (Q, F) — (E;, &) are all measurable, so X; '(A;) € F
for all 4; € &. Now we will show (i) = (ii) = (iii) = (i).

(i) = (i) Let v = pux, ® -+ ® px,. Enough to show that

/LX(Al X+ X An)

Now finish since A is a m-system generating £...

(i) = (i)
E (H fi(Xi)> = /Hfi(l‘i)dﬂx(x)
LI/ st

= [[E(fi(x2)

(iii) — (l) Use f; = ]lAi, A; € &. Then

E (f[ T4, (XZ-)> = E(La,xxa, (X))

:]P)(Xl EAl,...,XnEAn)
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4 [P Spaces, Norms, Inequalities

Definition (Norm). Recall that a norm on a real vector space V is [|e|| : V — [0, 00)
such that

(1) M| = [Al||v]| for all A e R,v € V.
(2) |lv+wl| < |jv]| + ||w]| for all v,w € W.

3) o] =0 < v=0.

Definition (LP norm).For (E, €&, u) a measure space and 1 < p < oo, define

LP = LP(E,&E, ) = {f : E — R measurable : ||f]|, < oo}

151 = ( | If(w)lpdﬂ(x)>1/p

| fllcc = esssup|f| =inf{\ > 0:|f| < A p.almost everywhere}

where

for 1 < p < oo, and

By linearity of integral, this satisfies the properties of a norm:
(1) This holds for 1 < p < oo and for p = oo it’s obvious.
(2) This holds for p = 1, 00 easily. For other p, we shall show by Minkowski inequality.

(3) f =0 implies || f||, = 0. But ||f|, = 0 implies f = 0 almost everywhere. So we fix
this by defining equivalence classes

[f] ={g: g = f almost everywhere}

and

P ={lf]: feLP}

Then £P, 1 < p < oo are normed vector spaces.
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4.1 Inequalities
Markov / Chebyshev’s Inequality

Let f > 0 measurable, then VA > 0,

u{z € B fla) > Ap) < M)

A
w(f>X)

Proof. AMs>xy < f. So integrating with respect to u, we get
Au(f =2 A) < p(f). o

In particular, if ¢ € LP, p < oo, then u(|lg] > A) < % < o0o. This gives the tail
estimates as A — oo.

Definition (Convex function). For I C R an interval, say a function ¢: I — R is
conver if Vx,y € I, t € [0,1],

c(te + (1 —t)x) < te(z) + (1 —t)c(y)

equivalently:

c(t) —c(t) _ f(y) —c()

- <
t—x Y

(%)

—C
—t

for z < ¢ <y in I. (In particular, this second definition shows that ¢ is continuous
on I, hence Borel measurable).

Lemma. Let ¢: I — R be convex, m € I (an interval). Then there exists a,b € R
such that c¢(x) > ax 4+ b for all z € I, and equality at x = m.

Proof. Let
a:sup{dm)_c(x):xef,x<m} < 00.
T

Then by (%), Yy > m,y € I,

These inequalities imply

c(y) > ay —am + c¢(m) Yy >m
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and
c(x) > ax —am + c¢(m) Vo < m. O

Theorem (Jensen’s Inequality). Let X be an integrable random variable (i.e.
E|X| < o0), taking values in an interval I C R, and let ¢ : I — R be convex.
Then E(c(x)) is well-defined, and

[E(c(X)) > c(E(X))|

Proof. If X is a constant almost surely, then nothing to prove. Assume otherwise. Then
E(x) = m € I. Using the previous lemma, Ja,b € R such that

o(X)>aX +b (*)

In particular,

(X)) < lal| X[+ [b]
50 E(¢(X)7) < oo. Hence E(¢(X)) =E(c¢(X)T) —E(c(X) ™) is well-defined on (—o0, o0].

Claim: (x) = E(c(X)) > aE(X) +b. If E(¢(X)) = oo, nothing to prove. Otherwise,
¢(X) and aX + b are integrable random variables satisfying (*), so taking expectatation,

E(¢(X)) > aE(X) +b=am + b= c(m) = ¢(E(X)). O
As an application: (€, F,P) and 1 < p < co. If X € L®®) then X € LPP®) for all
1<p<ooas || X|p <[ X

Claim: If X € L? and ¢ > p > 1, then X € LP.

IXlp = (E[X[P)? = (c(B(X[P) < (Be(1X 7)) = B(X|9)Y = || Xl
Hence, X € LY implies X € LP for all 1 <p < ¢, i.e.
L>®(P) C LY(P) C LP(P) C L'(P)

forall 1 <p<qg<oo.

Theorem (Holder Inequality). Let f, g measurable and 1 < p < g < co be conju-
gate, i.e. % + % =1, then

plfal) < 1 £1lpllglle-
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Proof. If p or ¢ =1 or oo then clear. So are the cases when || f||, or [|g||; = 0. Exclude

these.

Dividing both sides by || f||,, we may assume || f|, = 1, i.e. [|f[Pdu = 1. So, define a

probability measure P on £ by

A= [ 1fan

(P has probability density |f|P with respect to u). Also, for h > 0 measurable,

/hdIP’— /h|f]pdu

w(lfgl) = (| fally51>03)

fIP|g]
e Ljf>0pdp

9|
= ‘f‘p -1 Loy fPdp

= / i‘f‘p_l]l{mw}dp

<,f‘,p‘ 1ﬂ{|f|>0}>

Then,

g1 Ve .
< <E <|f|q(p—1)]l|f|>0>> (Jensen’s Inequality)
g e
=/ (o))
1/q
(19172015010 (by (+)
1/q
< ([ ttvan)

= llgllq

-
Remark. p = ¢ = 2 is the Cauchy-Schwarz inequality (see Example Sheet 3).

-

£ llp + llgllp-

Theorem (Minkowski inequality). For p € [1,00] and f, g measurable, || f + g, <
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Proof. p = 1,00 obvious. Also obvious when |/ f||, or |g|l, = 0 or || f + g|/,. Assume
otherwise. Since

[f +gl” <2°(F1P + 19/”)

we have
u(lf 4+ gP) < 2°(u(|f17) + w(lgl”)) < oo

if f,ge LP. So f+ g € LP. With ¢ the conjugate of p,

Hf+g||£=/|f+gpdu
- / 4+ gllf + gl ldu

< / 4P fldu + / £+ gl gldy

< AN+ 9P Hlg + gl (f +9)P g (Holder Inequality)
=p 1/q

_ / 4+l @ Daau | (11l + llgl)

([ +g|pdu)1/q(Hpr +llgll)

=[|f+gllZ/

Hence, dividing by ||f + g||£/q, we get

1+ glly < [ fllp + lgllo -

Theorem (L£? is a complete normed vector space (Banach space)). Let p € [1, 00].
Let (fn)nen be a sequence of functions in LP such that

Ve >03IN eNVm,n>N | fm—fullp<e

(i.e. (fn) is Cauchy in L?). Then 3 f € L? such that || f, — f||, = 0 as n — oo.

Proof. Assume 1 < p < oo (p = 00 is an exercise).

Choose a subsequence (ng) such that || £y, — faellp < 27%. Then S = 30 | faess —
frellp < 0o. By Minkowski inequality, for any K € N,

K
Z |fnk+1 - fnk
k=1

oo
< Z [ frn = frllp =5 < o0
k=1

p
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So,
K

p
t/‘<§:mﬁ%+1_’ﬁuj> dp < SP < 0.

k=1
But
K p K p
k=1 k=1
So by Monotone Convergence Theorem,

< 0.

(o]
Z ‘fnkJrl - fnk|
k=1

p

So, in particular,
o
Z | frir — Jny,| < cop.almost everywhere.
k=1
Let A be the set where this is < co. Then p(A¢) = 0. For any « € A, (f,, (x)) is Cauchy,

and since R is complete, it converges to f(z) say. Define f(x) = 0 for all z € A°. Then
f is measurable and f,, — f as k — oo p almost everywhere. Then,

Fatou’s Lemm

o= £l = 1l = £17) = pllimin [ o = fup ) = limint (| = fo ) <

and
Minkowski inequality
£l < 1N = fllp + [ fnllp < €+ 1 fnllp < oo
Hence f € LP and f, L f- O
( I

Remark. One can show that any choice of vector spaces
V = (|0, 1], {simple functions}, {finite linear combination of indicators of intervals}
are dense in LP((0,1), B, \) and so (C[0,1],|| e ||1) is L' space of Lebesgue integrable

functions (exercise in Example Sheet 3).
N J

£? as Hilbert space: On a vector space V, a symmetric bilinear form V x V — R,
(u,v) — (u,v) is called an inner product if (v,v) > 0 Vv € V and (v,v) = 0 if and only
if v =0.

Then /(v,v) = ||v|| is a norm (Cauchy-Schwarz inequality gives the triangle inequality
for || e |). If (V, ]| @ ||) is complete, it is called a Hilbert space.

‘ Corollary. £? with the inner product (f,g) = [ fgdu is a Hilbert space.
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Basic Geometry
(1) Pythagoras theorem ||f + g||3 = || f[I3 + [lgll3 + 2(f, 9)-
(2) Parallelogram law: [|f + gl + [Lf — gll3 = 2(|[f]13 + [lg1I3)

We say f is orthogonal to f (written f L g) if (f,g) = 0. Then ||f + gl = || I3+ Ilg]l3-
For a subset V C L?, we define its orthogonal complement

Vi={fel*: (fv)=0W eV}

A subset V is closed if (f,) € V and f, L f implies f € V.

Theorem (Orthogonal projection). If V is a closed subspace of L?, then Vf € L2,
f=v+uwhere v € V, u € V+. Moreover, ||f —v|a < ||f — gll2 for all g € V with
equality if and only if g = v almost everywhere. In particular, v is unique (almost
everywhere) and is called the orthogonal projection of f on V.

Proof. Define d(f,V) = infyey ||f — gll2. Let (9n) € V be a sequence such that || f —
gnll2 = d(f,V). Now by parallelogram law,
2

gn 9
2015 = 9013 + 17 = 9 13) = oo = gl + 4 | - 2522

N~

>4d(f,V)?
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so by taking limy, ;; 00, we deduce that |g, — gml||3 — 0, ie. (gn) is Cauchy. As

L? is complete and V is closed, g, L v € V. Then If = gall2 = |If — v||3 hence
If =l =d(f,V)? ie. d(f,V) = [If = vl

Then for any h € V, t € R,
d(f,0)* < |If = (v +th)l3 = d(f,0)* = 26(f — v, h) + ¢*| |3 (%)
Letting t | 0 and ¢ 10, (f —v,h) =0, hence f —v € VL. Now

= v —
f A+
ev cvL

as desired. For any g € V,
f—9=f—-vt+v—g
—— =
eve ev
and
1f = gli3 = 11f = vl3 + llo = gll3

Hence ||f — gll2 > ||f — v||2 with equality if and only if ||[v — g||2 = 0, i.e. v = g almost
everywhere. O

(Q,F,P) and X,Y € L2(Q,F,P) with EX = EY = 0. Then Cov(X,Y) = E(X —
EX)(Y — EY) = EXY = (X,Y). Var(X) = Cov(X,X). If X and Y independent,
(X,Y) =0, converse not true.

If G is a sub-c-algebra of F (i.e. G C F), then L?(Q,G,P) is a closed subspace of
L?*(Q, F,P). For X € L?(Q, F,P), (a variant of) the conditional expectation of X given
G, E(X | G) is defined as the orthogonal projection of X on L?(€2, F,P) (X should be
measurable with respect to G and || X —Y|js > || X —E(X | G)||2 for all Y G-measurable).

Question: How to define E(X | G) is X € LY(Q, F,P)? (advanced probability).

Exercise: Let (G;);csr be a countable family of disjoint events whose union is 2 and set
G =0(G;:i€1). Let X be integrable. Then the conditional expression of X given G
is given by

E(lez)

Y = ZE(X ‘ G’i)]]'Gi’ E(X | Gl) = P(Gl)

7

Viel
Check:

(1) Y is G-measurable

(2) Y € L*(Q, F,P)

(3) Y is “the” orthogonal projection of X onto L?(Q,G,P) if X € L?(Q, F,P).
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LP Convergence and Uniform Integrability

(Q,F,P).

MIRNEE

s A
@f
w‘ ‘P ,w A o‘\\g}r\nt)uko/\

Explanations:

fn = nl01/m) on ((0,1),B,A). Then f, — 0 almost surely. But E|f,| = Ef, = 1 Vn,
i.e. almost surely =~ LP convergence.

E|X, — X"

P(X, — X| > e) < =

(Markov inequality).

Theorem (DCT). Let (X,,) be such that X, — X and |X,| < Y for all n, for

1
some integrable random variable. Then X, L, X, ie E|X,—X|—0asn— oo.

Question: What is the “minimum condition” on (X,,) under which X, Iox implies
1
X, X5 X? = E|X,| - E|X|, “Uniformly Integrable”.

For X € L'(P) define
Ix(8) = sup{E(|X|14) : A € F,P(A) < 8}

Then Ix(6) — 0 as 6 — 0. (If not then 3¢ > 0 and (A4,,) € F such that P(4,) < 27"
and E|X |14, > e. Then ) P(4,) < oo so P(A4, i.0.) = 0 by Borel-Cantelli Lemma 1.
Then

e <E[X|1a, <E[X|I{pe_ 4, =30
since
EU::n Am ﬂﬂm Ue_, Am = ]l{An o} = 0 almost surely
contradiction).

o1
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Definition. Let x be a collection of random variables in L*(P). Define
L,(0) =sup{E(|X|14) : X € x,A € F,P(A) <6}

We say x is uniformly integrabl (UI) if

(1) x is bounded in L' (i.e. supx¢, || X |1 = supye, E|X| = I, < c0)

(2) I, (6) = 0as d — 0.

Remark. Note to reader: I didn’t follow what the lecturer was writing in these
remarks so they are probably nonsense, but if you rearrange things appropriately
it should hopefully make sense (I've tried thinking about it for a bit but haven’t
figured it out).

(1) Any single integrable random variable is UI (so does any finite collection of
integrable random variables, also if

x = {X : X a random variable such that |X| <Y for some Y € L'}

) Then X is UI,
I,(6) <Iy(0) —» 0

as § — 0.

(2) If x is bounded in L for some p > 1 then

Holder Inequality

sup E(X14) < 1X1|,(B(A))"/* < C8*/a

X € x such that P(4) < § ie. I,(8) < C3/7 — 0as § — 0 for all A such that
P(A) < 0 as supxe, E[X[14 <EY14.

(3) L' bounded =~ UL

- J

Recall for a collection y of random variables, y is Ul if
(1) x is L' bounded

(2) I(6) = supx e, {E(|X|14) : A€ F,P(A) <6} [ 0asd 0.
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Lemma (Alternative definition of UI). x is Ul if and only if

sup E(|X|1(x|>x)) — 0
Xex

as K — oo.

Proof.

= Fix any € > 0. Then 3§ > 0 such that I, (6) < € (as x is UI). Choose K < oo such
that

1,(1) _ supxe EIX| _

= K.
) ) -
Then for any X € y,
Markov E’X’ I (1)
P(X|>K) < —— <2<,
(x> x) <= < X <

So, with A = {|X| > K},
E(X|Lx k) < L(6) < <.

EIX| = EX|L(xpr) +E|X]1x<k)
~—_———
<K
So,
sup E|X| < K + sup E|X‘ﬂ(|X|§K)
Xex Xex
Choose K large so that the second term on the RHS is < 1. Then y is L' bounded.
Fix any € > 0. Choose K so that E(|X|1 x|>x) < /2 for all X € x. Then choose
d > 0 such that § < 5%. Then VX € & and A € F with P(A) <9,

E([X[1a) = E(|X|1alx)>k) + E(| X141 x)<k)
<E(X|1x>k) + KP(A)
—_—
D <Ki<e)2
<eg ]

Theorem. Let (X,,), X be random variables on (2, F,P). Then the following are
equivalent:

(a) X, X, € L! for all n and X,, =5 X.

(b) X:(Xn:neN)isUIanangX.
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Proof.

(a) = (b) By Markov,
E|Xn — X)
€

P(| X, —X|>¢) < 0

as n — 00, so X, %4 X. Choose N such that E|X, — X| < § for all
n > N. Choose ¢ so that E|X |14 < § whenever P(A) < 4.

E|Xn|]lASE‘Xn_X|+E‘X|1A§5 Vn > N.
—_———  ——
<5/2 <e/2
Foralln=1,2,...,N —1,
E|X,|1la<e

by the choice of 4. Hence y is UL

almost surely

(b) = (a) X, 5 X. So take a subsequence (ny) such that X,,, = — ~ X. Then

Fatou’s Lemma
liminf E|X,,, | < sup E|X,| < cc.
Xn€x

E|X| = Eliminf | X,

il

(as x is UI, hence L' bounded). So X € L!. Define the truncated random
variables

XE - (“K)VX,ANK
XF(—-k) VX AK
Then XX 55 XK (as P(XE — XK| > &) < P(| X, — X| > ¢)).
Aside: If X, - X and f is a continuous function, then f(zy,) RN f(x).
Also |XK| < K for all n. Hence by BCT, XX X5 x*. Now,

<Xl xp25) (1) <E|X|I(x|<r) (2)
—_—~ —_——~

E|X,~X|<E |X,-XXl +E |X-X& 4EXF-XK<¢

for all n > N. By UI choose K large so that (1) and (2) are < §. Then
choose N large so that the last term is < % for all n > N. O
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5 Fourier Transforms
For g measurable such that [ |G|dx < oo, define

[ st@mtan) = [ Re(ga)n(ao) +i [1mlg(o)ntaz)

Here LP = LP(R?) is the space of complex valued Borel measurable functions on RY, i.e.

f :R? = C for which )
1/p
([ 1r@ruan) " <o

:m‘p

for all 1 < p < oco. and
\ [ ot < [lgtuan

(Example Sheet 3). We also define for f,g € L?,

(f.9) = / F(@)g(@)du(z)

which is an inner product on L?(y). For any y € R,

[ ta-uto= [ sy-os - [ s
:/f(—x)d:z

(translation invariance and z — —zx symmetry of )\, see Example Sheet 3). Also for

a€R, a+#0, .
/f(ax)d:rzad/f(x)dx

Definition (Fourier Transform). The Fourier transform f of f € L*(R%) is defined
as

fay= [ f@)emnde
Rd

for all u € R? and (u,z) = 2?21 VEee

For all u € RY,

sup | f(w)] < [ |f(@)lds = |l < o0
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ie. f € L. Also, for u, — u,
flw)eltn®) — f(z)elts)
and |f(z)e’“n®)| < |f(z)| and f € L', so by DCT, f(uy,) — f(u). Moreover,

flu)y=0

[[ufl =00
(Riemann-Lebesgue Lemma, Example Sheet 3). Thus
f € Co(RY) = {f bounded continuous vanishing at co}
The map is 1 — 1 (but not onto).

For a finite / probability measure x on R?, define similarly,
f(u) = /ei<ux>du(x) u e RY

Then /i is a bounded continuous function on R? and |fi(u)| < u(R?) < oco. If p has
density f (with respect to A), then

N
Definition (Characteristic function). The characteristic function (c.f.) ¢x of a
random variable X on R? is the Fourier transform of its law px = Po X~ 1. So

ox(u) = fix(u) = [ @@ apx(a) = [ eHoalap = peite )

(vo f~Y(g) = v(f og)). In particular if X has pdf f, then ¢x (u) = f(u).

~

Definition. For f € L'(R?), with ]?E L'(RY), we say that the Fourier Inversion
holds for f if

~

x) = 1 u)e W)y,
@) = gz |, e ela

almost everywhere in R

o6
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s N
Remark.

(1) The RHS is continuous by DCT, so for f continuous, the equality is everywhere.
()f f L' - Cyis1—1. (forfgeLlwithf:@thenf—geLland

f —g=f—9=0. So by Fourier Inversion, f — g = 0 almost everywhere).
. J

A key concept in Fourier analysis is convolution.

Definition (Convolution). For f € LP(R?), 1 < p < oo, and v a probability
measure,

favlz) = fRd Jv(dy) if the ir'ltegral exists e RY
otherwise
P
Jirsvoras < [ 15 - pian) a
< / |f(z —y)Pr(dy)de (as p > 1, use Jensen’s Inequality)

_ / < / | f(x—y)pydx> v(dy) (Fubini-Toelli)

= / </ |f(:z:)|pda:) v(dy) (A is translation invariant)
= I£1I5

< 00

Hence f * v is defined almost everywhere, and || f * v||, < || f|l, < co. When v has pdf
g€ L,

e /fx— y)dy = f * g(x).

For 2 probability measures y, v on R, the convolution p*v is a new probability measure
defined as

wxv(A) = // la(z+y)p(dz)v(dy) =pvez+yec A) =P(X +Y € A).

where X,Y are independent, X ~ p, Y ~ v. In other words, (X +Y) ~ p*v.
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If p has pdf f € L', then
wert) = [ ([ 1ate+ nsas) via)
= / </ La(z)f(x — y)d:r) v(dy) (translation invariance)

frv(x)
/ / flx—yv(dy) | dx (Fubini-Tonelli)

_ /llAf ¥ v(z)dz
So, i * v has the pdf f * v.
Easy to check:
(1) f/ﬂ:/(u) = f(u)D(u) for all f € L, v a probability measure.

(2) p*v(u) = u(u) - U(u) for all u,v probability measures. X,Y independent, X ~ u,
Y ~v,then X +Y ~ v pu, then

L+ = EeilwX+Y) M poiuX)  peilwY) = 5(y)p(u).

Fourier transform of Gaussians

If ¢, is the characteristic function of Z ~ N(0, 1), i.e

¢Z (U) — zuZ / \/7 zuzdz

then by a previous theorem, ¢z is differentiable and can be differentiated under the
integral sign, i.e.

7¢Z -5 zuz)dz

\/27r/du
= — ize“‘ze*%dz
r/
zuz —% dZ
\/ 27r /

= iue'? e_%dz (integration by parts)
V2T /

)

_Z

= —u/emzmdz
= —u¢z(u) (+)

o8



Hence,
u2 u2 u2 .
—(e % d(w) = € gy (u) + dz(wpue’t 20,
2

d
e, €% ¢z(u) = 62(0) = 1, 0 dr(u) = e 5.

Consider for t € (0,00), the centered Gaussian random variable on R? which has pdf g;
(with respect to A9),

d

1 _|\1'3‘|2 2 2

gt(w) = Wé’ 2, ]| = lez
iz

So, if (Z1,...,Z4) are IID N(0,1), then v/tZ has density g. So,

Gily) = E(e' Vi)
= ]E (eZ Z?:l ul\/izl)

d
-F <H eiui\/%z'L)

=1

d
= HE(ei“iﬁzi) (z; independent)
i=1
d
= [[ ¢z(Vtw)
i=1
d 2
= H e_tTZ
i=1
_ tlel?
= e 2
Hence,
~ _ u2 27Td/2 t d/2 _ ug 27Td/2
Gily) = e I/2 = ( tdk - (27T> et/ = ( tdzz 91/¢(u)
So,
2 2m) 42 __
i) = g = @),
Then

91(@) = gi(—) = (2m) " “u(—2) = (2m)~* / Gi(we " du,

Thus the Fourier Inversion holds for g.
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Definition (Gaussian convolution). For f € L'(R?), the Gaussian convolution of
fis f * g+ where

Facts

(D) [1f *gelly < 11

(2) f * g¢ is continuous.

(3) f * g+ is bounded.

— ~ ~ tful?

(4) frgi(w) = f(u)gi(u) = fu)e” 2.
(5) m is bounded continuous.

(6) 117 * gelli < cell flloo < cll 11

(7) For p a probability measure, and any t > 0, u * g¢ is a Gaussian convolution. Note
that
poxge=px(ge xge) = (pxge)*ge.

N——
€Lt

Lemma. Fourier Inversion holds for Gaussian convolutions.
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Proof. Let f € L', ¢t > 0. Then

= /f(:n—y)/gﬁ(u)e_i(“’wdudy (Fourier Inversion)

= /ﬁt(u) </f(af - y)e<“’y>dy> du (Fubini-Tonelli)

fxgast—=0, fxg “—7 fxdy=f.

Lemma. Let f € LP(R%), 1 < p < co. Then ||f * gt — f|, — 0 as t — 0.

Proof. Given € > 0, there exists h € C.(R%) (continuous functions with compact sup-
port), such that || f — hll, < §. Then by linearity of x,

9
1f % g0 = hox gellp = | (f = 1) xguellp < 1f = hllp < 5.
~——
eLr

So by Minkowski inequality,
1f * g0 = fllp < I1F % g0 = ho gillp + |f = Rllp 7% g0 = Rl
N —

<

<

wim
w|m

g
< 254‘ |h* g — h|lp

So it is enough to prove that ||k * g; — k||, = 0. So h is bounded and h is supported on
[~ M, M)? say, for some M > 0. Define

e(y) = / h(z — y) — h(z)Pdz.
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Then as y — 0, |h(z —y) — h(z)[P — 0 as h is continuous. Also,
[h(z —y) = h(@)[P < 2P[|AlIE Ljaj<nr4a

for |y| < 1. Hence, by DCT, e(y) — 0 as y — 0. Also,

p

IIh*gt—hIIZ=/‘/h(w—y)gt(y)dy—/h(ff)gt(y)dy da

p

-/ ‘ [ =) = haDan(wiay] s

< // |h(z —y) — h(x)|Pg:(y)dydz (p > 1, Jensen’s Inequality)

_ / < / h(z — y) —h(m)|pdx> g(y)dy (Fubini-Tonelli)
= / e(y)g(y)dy
= /e(y)tdlﬂgl (\%) dy

- / o(Viy)gn (y)dy
=0 (DCT)

(e is bounded so e(vty)g1 < Cg1). O

Theorem (Fourier Inversion). Let f € L'(R?) and f € L'(R%). Then

~

f(z) = (;)d / &= H02) Flow)du

almost everywhere in RY.

Proof. Consider f * g, and

1 —i(zu) 7 _thul®
fi(z) = (27r)d/e @) flu)ye "2 du. (%)
gt (u)
/-\gt
Fxge(u)

As Fourier Inversion holds for fx*g; (f*g; is a Gaussian convolution), we have fxg, = f;.

So, |ft — flh =9 0, i.e. there exists a subsequence t, | 0 such that f; — f almost
everywhere (so f; LN f). But from (x), as t — 0, e_’(“”f(u)e*t% — '@ f(u) and
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bounded by |f(u)| which is integrable. So by DCT,

ful) 28 L / e~ Flu)du

~

almost everywhere. Hence

almost everywhere. O

Theorem (Plancherel). For f,g € L' N L*(R%),

1 ~ R
[ fll2 = Eigyggﬂfn2 and (f,9)2 = ““g<f,9f

~

f=f

e )
Remark. Since L' N L? is dense in L?, the linear operator

Fo:L'NnL? = L?
_d5
Fo(f)=@2m)=2f
extends to an isometry F : L? — L2, which is an isometry by Fourier inversion

formula.
. J

~

Proof. First assume f € L' with f € L'. Then (x,u) — f(z)f(u) is dedu-integrable.
So

2 £113 = (27)? / f(@)F(z)da

// Flw)e "™ WF(z)dudz < oo (Fourier Inversion, and f € L?)

f et du (Fubini-Tonelli)

= (Fourier transform)

= ||f|!2 (%)
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(Note: f € L' and fe L' implies f € L2N L>). Now, let f € L' N L2 For t > 0, take
ft:!)‘%kgtti)ofinL2 and so
t—0
1£ellz == 11 ll2- ()

Also,

| fe(w)| = | F(w)gi(u)| = If(U)Ie_t# 11 (w)]
ast — 0.

||ft||§Z/\ﬁ(U)Pduﬂ/IﬂU)lszZ 1713 ()

by Monotone Convergence Theorem But, fy = f* g € L', and f’t € L'. So by (%),
(2m)4| fell3 = || fel|3- Let t — 0, then LHS — (27)%||f||3 by (%), and RHS — || f]|3 by
(??). Hence (27)%| f|2 = || f||3. Similar proof for (f,g). O

Characteristic functions, weak convergence and the CLT

ox(t) = E(e"X) = jix = / 00 dpuy ()

For dirac measure dy, (% = f e“"’”déo(x) = 1 not integrable on R so Fourier Inversion
does not make sense. To circumvent this, we ‘test’ ;1 on nice test functions f.

I N
Remark.

(0) 2 probability measures y and v on R¢ coincide if and only if

/ fdu = / fdv (*)

for all f;: R? — R bounded continuous (Example Sheet 2). In fat, enough to
have (*) holds for all f € C2° (space of infinitely differentiable functions with
compact support). (p: C — R, f +— u(f) linear, continuous (Lf top), hence p
is “Schwarz distribution” Ao f, u € (C°)*).

Definition (Converges weakly). Let (i),  be Borel probability measures on R?.
Then p, converges to p weakly if

[ "= [ gan (+)

for all f: R — R bounded and continuous.
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( N
Remark.

(1) For a sequence of random variables (X,) and X another random variable,
X, — X weakly if px, — px weakly.

(2) A sequence (u,) can have at most one weak limit (by Remark (0)).

(3) If X,, — X weakly, and h : R? — R* is continuous, then h(X,) — h(X) weakly
(as random variables in R¥) (continuous mapping theorem) (from definition as
f o h bounded continuous if f bounded continuous).

(4) Sufficient to check (x) for all f € C2° (“tightness” argument, i.e. there exists K
compact such that p, (K€) < ¢ for all n if pu,, — p weakly, see Example Sheet 4).

(5) When d = 1, this is equivalent to X, -4 x (i.e. Fx,(x) = Fx(x) at all
points where  — Fx (x) is continuous). (Example Sheet 4) R, F(zy,...,1q4) =
Pz < (z1,...,72).

Theorem. Let X be a random variable on R?. Then px is uniquely determined
by jix = ¢x. Further, if ¢x € L', then pux has a bounded continuous pdf given by

1 —i(x,u
flx) = W/qﬁx(u)e (@) qy,

Proof. Take Z ~ N(0, I;) independent of X. Thus v/Z has pdf g; and X +/tZ has pdf
ux * gt =: fr. Then

ul?
2

Felu) = ix (W)Gi(u) = dx (w)e 2

So by Fourier Inversion of Gaussian convolution,
_ 1 i, v
fi(x) = W ox(u)e e u T

i.e. f; is uniquely determined by ¢x. Now for any g bounded continuous, g : R — R,
ast — 0,

/g(ﬂf)ft(w)dx = E(g(x + V2)) "5 B(g(X)) = /g(x)ux(dw) (%)

ie. [g(z)dux is uniquely determined by ¢x. Hence px is uniquely determined by ¢x
(Remark (0)). If ¢x € L', then

dx(w)e'7 emu) 28 g (u)em i)
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By DCT, fi(x) e [x(t) for all x. In particular, fx(z) > 0 for all x and |fi(z)| <

ﬁ“qf) x||1- Then for any g bounded continuous with compact support,

/ o(@) fulz) dz 2 [ g(@) fx(@)dz

—g(2)fx (x)

Also, LHS = [ f(z)ux(dz) from (x). So

[ st@mstan) = [ gta)fla)as

for all g bounded continuous with compat support. Hence pux has density fx (Remark
(0)). O

Theorem (Levy). Let (X,,), X be random variables on R? with ¢x, (u) — ¢x (u)
for all w as n — oco. Then X,, — X weakly.

( N
Remark.

(1) Levy’s continuous theorem states that if ¢x, (u) — ¢(u) for all u for some
function ¢ that is continuous in a neighbourhood of 0, then ¢ is the characteristic
function of some random variable X and X, — X weakly.

(2) Cramér Wold device: Let (X,,), X be random variables on R%, then X,, — X
weakly if and only if

(u, Xp,) = (u, X) Vu € R?

(hence ¢x, (u) = ¢x(u) by BCT and Levy).

Remark. For probability measures, if X,, to X weakly, then Ef(X,,) — Ef(X) for
all f bounded continuous.

Proof of Levy. Let g : R* — R be compactly supported and Lipschitz continuous, i.e.

lg(z) —g(y)| < Cglz —y|  Vz,y e R?
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(any g € C° will do). Enough to show Eg(X;) — Eg(X) (by Remark (4) last lecture).
Let Z ~ N(0, I;) independent of (X,,), X. Then for fixed ¢ > 0, choose ¢ small enough

so that
CygVtE|Z| <

wl ™

Then,
[Eg(Xn) — Eg(X)| < [Eg(X,) — Bg(Xn + VEZ)| + [Eg(X) — Eg(X + ViZ)|
+ |Eg(X,, + VtZ) —Eg(X +VtZ)|
<Elg(Xn) — 9(Xn + VtZ)| + Elg(X) — g(X + Vt2)|
+ |[Eg(Xy, + VtZ) — Eg(X + Vi2)]
< E|CgVtZ| + E|CgVIEZ| + |Eg(X, + |sqrttZ) — Eg(X + V' Z)|
< CgVIE|Z| + CgVIE| Z| +|Eg(X,, + VtZ) — Eg(X + VtZ)|

-
>
<2¢

X, 4+ VtZ has density ux, * g; = ft n- Then by Fourier Inversion,

_tlul?
ftn = /Qan 5~ e~ W) 4y,
So
Eg(X, + VtZ) z)px, (u {0T) dud
// x)ox(u e~ W) qudy
n—>oo 27r
=E(X +VtZ)
w 2

(using g(:c)e_% as the bounding function to apply DCT). O

Theorem (Central Limit Theorem). Let (X,,) be IID random variables on R with
E(X;) =0, Var(X;) = 1 for all 7. Then for S, = X1+ -+ X,,, we have, f — Z ~

N(0, 1) weakly or in distribution, i.e.

STL n—oo
Pl—=< P(Z <
(\/ﬁx>—> (Z <) Va

Proof. Set ¢(u) = ¢x,(u) = Ee®X1. Then ¢(0) = 1 and since EX? < oo, we can
differentiate under the integral sign and get

¢'(u) = iEX ™
d)//(u) _ iQEXIQeiqu
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(see Example Sheet 3, Question 7.4), i.e. ¢/(0) =0, ¢"(0) = —1. By Taylor’s Theorem,
asu — 0, p(u) =1— “2—2 + o(u?). Let ¢, be the characteristic function of % Then

(as u fixed, n — o0). The complex logarithm satisfies, as z — 0, log(1 + z) = z + o(z).

So,
u? 1
log ¢ (u) = nlog (1 ~ 5, +o0 <n>>
u? 1
=n _% “+o0 5
2
u
= —; + 0(1)
u2
So, ¢n(u) = e~ 2 = ¢z(u). So by Levy, % — 7 weakly. O

Remark. The Central Limit Theorem in R? can be proved similarly using the
Cramér Wold device and properties of multivariate Gaussians (Exercise).

(z—p)?

A random variable on R is Gaussian (N(u, 0?)) if it has density \/21706 202 for p € R,
o> 0.

Definition. X in R? is Gaussian if

d

(u, X) = ZUiXi

i=1

is Gaussian for all u € RY.
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Example. If Xq,..., X, = N(0,1), then X = (X4,...,X,) is Gaussian in R".

Proposition. Let X be Gaussian in R™ and A be an m x n matrix, b € R™. Then
(a) AX + b is Gaussian in R™.

(b) X € L? and px is determined by E(X) = p and (Cov(X;, X;))i; = V.

(u,

(¢) bx(u) = wm =52 for a1l 4 € R™.

(d) If V is invertile, then X has a pdf on R™ given by

Fx(@) = — 1 —lenV a2

(2m)/2 |V|1/26

(e) If X = (X1,Xs) with X; € R™, X5 € R", (n; + ny = n), then X1, X»
independent if and only if Cov(X1, X2) = 0.

Proof. Easy. Also see Example Sheet 4 and lecturer’s online notes. O

Law of Large Numbers

Weak Law of Large Numbers: For (X;) IID with EX; = pu, Var(X;) < oo. Then Ve > 0,

1 < 1 i
P(\n?ﬁ” e) = v ()

as n — 00. So,

Strong Law of Large Numbers: if (X;) are IID, E(X;) = p < oo, then

1 n
*g Xi—=p
n-

=1

almost surely as n — oo.
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Start of

lecture 22 Proposition. Let (X,,) be independent with EX,, = 4 and EX} < M for all n.
Then
n
almost surely as n — oo (where S,, = X7 + -+ X,,).

Proof. Let X] = X, — p. Then
EX/* < 2Y(EXA 4+ uh) <2'(M + 4% n
M/

So we assume that p = 0 (without loss of generality). Then using independence, for
distinct indices 1, 7, k, [,

0=E(X;X}) = E(X;X;X}) = E(X; X; X;,X))

Hence,
E(S,) =E(X1 + -+ X,)*
=E| Y X/'+6 Y XX;
1<i<n 1<i<j<n

<nM + 6n(n2—1)

<nM +3n(n—1)

< 3n’M
But

E(X?X?) < EXAXE <M,
i.e.

=((2)) <%
n

Now,

o] 4 o] 4
E%@ Monotone Convergence Theorem f;n 3M
E(Z<n>> - ZE<n <27 <
n

n=1 n=1
So,
oo 4
S,
3 () < oo
n
n=1
4 .
almost surely. Hence (%) — 0 almost surely, i.e. % — 0 almost surely. O
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6 Ergodic Theory

Definition (Measure preserving map). Let (E,&, u) be a o-finite measure space.
A measurable map 0 : E — FE is called (p-)measure-preserving (m.p.) if

pob ' =p,

ie. w(@1(A)) = u(A) for all A € €. In this case, for all f € L,

/fdu /fo&du /fd,uoel

-

Definition (f-invariant). A set A € & is §-invariant if 0=1(A) = A.

Definition (6-invariant function). A measurable function f is f-invariant if f =

fod.

The space of all f-invariant sets & is a o-algebra and f is f-invariant if and only if f is
Ep-measurable (exercise on Example Sheet 4).

Definition (Ergodic map). The map 6 is called ergodic if &y is p-trivial, i.e. VA € &y,
u(A) =0 or u(A€) = 0. “well-mixed”.

Boltzman (1880) Ergodic hypothesis for dynamical systems
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“space filling”. For Markov chains, ergodicity <= irreducibility.

Fact: If f : F — R is #-invariant, 6 Is ergodic if and only if f = ¢, a constant, almost
surely (exercise on Example Sheet 4). (u(f~(—o0,z)) =0 or u(f~![z,00)) = 0).

Example. On ((0, 1], B, Ag,1]) the maps
(1) Oo(z) =z + a (mod 1) (rotation of a circle).
(2) 0(x) =2z (mod 1)

are measure preserving and ergodic unless a € Q (see Example Sheet 4).

s N
Theorem (Birkhoff’s ergodic theorem (1931)). SUppose (E, &, u) is o-finite and
f €LY E,& ) and 0 : E — E measure preserving. Define Sy = 0 and

Sn="S8n(f)=Ff+fol+fol®+ -+ fof" .

. . : = = Sn(f)
Then there exists a f-invariant function f with u(|f|) < u(|f|) such that =222 — f
almost everywhere as n — oo.

L J

( B )
Remark. If 4 is ergodic, f = ¢ almost everywhere.

L J
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Lemma (Maximal ergodic theorem). For f € L (), set S* = S*(f) = sup,; 59 Sn(f)-

Then
/ fdu > 0.
{S*>0}

Proof. Set S} = maxo<m<n Sm. Then for m =1,2,...,n+1,

Sm:f+Sm—1O'9§f—|—S;;OQ

(asform=1,...,n+1, Sp_1 <8, hence S;,_100 < S*00). On A, :={S} > 0}, we

have

Sy = max Sp < max S, < f+S5,00
1<m<n 1<m<n—+1

So integrating,

/ Srdu < / fdu —l—/ S*o0du
An An An
On AS, we have SF =0 < S} o6 (as S} > 0 since Sy = 0). Thus,

Srdp < S’ ofdu
AR AR

Then (1) + (2) gives
/ Srdu S/ fd,u—i—/ S’ ofdu
E Ay, E

/Sfidu < fdu+/52du
An

Hence, (as Sy € L'), [, fdu >0 (x) for all n.

i.e.

An ={S} > 0} = { max S, >0} = U {8m >0} 1 [ J{Sm > 0} = {sup S, > 0}

m=0 m=0

Hence f14, — fl(g+>0). Hence (as |f14,| <|[f| and f € L') by DCT (and using (x)),

0< / Jdu / fdu
An (5*>0)

Hence [ fdu > 0.
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Start of

lecture 23

Remark. Let p be a finite measure. Then for f € L' and any o > 0, define

Sy = S"T(f) and §° = SUPg>0 Sk, then

. 1 1
pE >a) <3 gaus s [
" ¥ J{5>a} a

u(sup Sg>a)
k>0

251=f

Proof. Exercise. O

u(f >a) < JI71d1 56 Markov.

«

~

Remark. For i a probability maesure and f € L'(u), show that {S”—(f) 'n € N}

Sn(f)

is UI (exercise). Hence —> f. If 0 ergodic, f = [ fdu almost surely.

Theorem (Birkhoff’s Ergodic Theorem). (E,&, i) o-finite and f € L'(x) and 6 :
FE — E is measure preserving. Sg = 0 and

Sn=S8u(f)=Ff+fol+fol+ -+ fold™ " =f+8,_100.

. . . = g = S, =
Then there exists a O-invariant f with u(|f|) < u(|f]) such that == — f almost
everywhere as n — oo.

Lemma (Maximal Ergodic lemma). For f € L'(u) and S* = sup,5q Sn(f), we

must have
/ fdu > 0.
{S*>0}

Proof.

9 measure preservmg
11(|Sh]) Z (If 0 07)) Zulfl = n|f|

i=0 =1
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So p(|22]) < u(lf]). So

_ Shn Fatou’s Lemma n
(I7) = p (timing | * smint i (| 22)) < (1),
Note that % = S’;:il_f X ”T'H, so lim sup % 06 = limsup “j:f:f = lim sup S—; Similarly,

liminf% of = liminf%”. For a < b,

D = D(a,b) = {liminf (Sn) <a <b<limsup (Sn’)}
n n n n

is f-invariant. Shall show (D) = 0.

A= {liminf <Sn> < lim sup (Sn>} = U D(a,b)
n n
a,beQ

a<b

Hence if p(D) = 0 for all a < b, then

w U D(a,b) | =0 = u(A)=0.
a,beQ
a<b

Define

7 lim inf (%) = lim sup (%) on A€
0 on A

Then % — f u almost everywhere and f is f-invariant (as lim inf % is f-invariant and
A is #-invariant).

Fix a < b. Note that § : D — D by invariance and 6 is u|p-measure preserving. Also,
either b > 0 or a < 0 (if a < 0, change f to —f, b to —a, a to —b, then b = —a > 0).
So assume b > 0 without loss of generality. Shall apply Maximal Ergodic lemma on D
with p|p. For any B C D measurable and u(B) < oo, let g = f —blp. Then g € L',
and on D,

Sn(g) = Sn(f) - bSn(ﬂB) > Sn(f) —nb >0
for some n. Hence, S*(g) = sup,,>Sn(g) > 0 on D. Hence

($*(¢).0yN D = D.

Thus by Maximal Ergodic lemma on D, f{S* p9du >0, ie.

(9)>0}n

0< [ (¢ =b1n)an= [ fap—tu(s)
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hence bu(B) < [, fdu. Since p is o-finite, there exists (B,) measurable sets, B, T D
and p(By) < oo for all n. Hence

(D) = bu(By) < [ i < o0
D
(as f € L'). Hence u(D) < oo. A similar argument applied to (—f) and (—a) will give
(-a)u(D) < [ (~)du

D

(just take D instead of B now, (—f) — (—a)lp). Hence

bu(D) < /Dfdu < ap(D)

But a < b. As u(D) < oo, hence pu(D) = 0. O

Theorem (von Neumann’s LP Ergodic Theorem). Let u(E) < oo and 1 < p < oc.
Then for f € LP(p),

in LP as n — oo.

Proof. For any f € LP(u), ||f o 6", = ||fll, as € is p measure preserving. So by
Minkowski inequality,

Now, let ¢ > 0 be given, then choose K < oo such that | f — fx||, < § where fx =

(=K) V[ A(K).

Sn(f)

1 n—1
< = o, =
< nZZ;HfO lp = lfllp

P
=l£ll»

(17 =1ty = [ 11 = sean < [ 15351000 2F o)

But fx is bounded and p a finite measure, so fx € L'(u), hence by Birkhoff’s Ergodic
Theorem, there exists fx € L' such that % — fx almost everywhere. Again,

S C as u is a finite measure), so irkhoff, there exists f € suc
feLP(u) C L' (p) (as pis a fi ), so by Birkhoff, th f € L! such
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that S"T(f) — f almost everywhere as n — oo. Then
I7 =Tl = [ 17 = TP
= /liminf Snlf) — Sn(fx)
n n n
= /liminf 7Sn(f_fK>
n n

§liminf/ M

n

Sn(f — fK)

p
dp

p
dp

p
dp Fatou’s Lemma

p
= lim inf
n

p

Then
Sn =

+u—mmﬂﬁ””—m
p

Sn(fK)

n

n

Fatou’s Lemma
<

—_— <3
=|f-frllp<e/3 -0

Sulf)  Sulfx)

n

p p

Sn(fn_ fK) _f?

+w-mmﬂ
p A,—/

p

SO % — fin L? as n — oo as desired. O

Start of

lecture 24 Birkhoff: (E,&,p) o-finite, f € L'(x) and § measure preserving, and S, (f) = f + f o

O+ ---+ fof™ 1. Then there exists a f-invariant f such that S"T(f) — fasn — o0 I
almost everywhere.

Von Neumann: y is finite, then S"T(f) — fin L' as n — oo.
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Remark.

(1) If o a probability measure and § ??, then f is a constant almost surely, so

f ffd,u = [ fdp. Also,

f
/fd,u:/snéf)d,u—)/fdu.

Hence inf fdu = [ fdu. Then, Sulf) E(f) as n — oo p almost surely and in

n

L.
(2) For 6 measure preserving and f € L', S”T(f) — E(f | &) p almost surely in L?
as n — oo. For f € L2, just (a version of) the projection of f on L?(&).
L J

Bernoulli Shifts and Strong Law of Large Numbers

On the infinite product space E = RY = {& = (21,29,...) : 7; € RVi} consider the
cylinder sets

A= {HAn:AnGB—B(R)Vn,&An—RVnZNfor someNEN}.
n=1

For example,
O, )NRNRN---€ A

whereas

(0,1)Nn(0,1)N(0,1)N--- ¢ A.
Then A is a m-system and £ = o(A). Check:

o £=0(A)=o0(fn:n€N)where f,, : E - R, fp(z) =z, are the coordinate maps.
e & is the Borel o-algebra generated by the toplogy of poinwise convergence.

Now consider a sequence of IID random variables (X,),en on some probability space
(Q, F,P), (such a sequence always exists), with the common distribution or law px, = Po
Xt =mVn. The map X : (2, F) — (E,€), X(w) = (X1(w), Xo(w), . ..) is measurable.

The image measure Po X! =: ;1 is a probability measure on (E, &), that satisfies for
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any A=A X - X Ay, xR x--- € A,

uA) =PoX (A
=P(X; €A, Xo€ Ay,..., XN € ApN)
=P(X; € 4)P(Xy € Ay)---P(Xy € Ay) as X; 1ID
=m(A1)m(Az)---m(A4,)

= H m(An)

and p is the unique probability measure on £ such that
o0
u(A) = T m(An).
n=1

Under p, the coordinate maps f, are IID with law m.

The probability space (E,E&,u) is called the canonical model for an IID sequence of
random variables with law m. Define the shift map 6 : E — E by 0(z1,22,...) =
(x2,x3,...) (similar to x — 2z (mod 1) on ((0,1),A)).

Theorem. On (E, &, ), the shift map 6 is measurable, measure preserving and
ergodic.

Proof. Measurable is obvious. measure preserving? Enough to check on A, i.e. for
A=A x---x A, xR x ---. Indeed:

o6t (A)
=u(Rx Ay X Ag x +-+)
= [ m4)
i=1
= p(A)
Ergodicity: Recall the tail o-algebra
T = ﬂ Tn
where 7, = 0(Tp41, Tng2, .. .) = 0(fns1, fag2). For A=][, A, € A,
O7"(A)=Rx- -+ xRx A X ={xpt1 € A1, xpy2 € Ag,...} €T, Vn,VAe A

If A€ &, then 071(A) = A, so 67"(A) = A for all n. So A =€ 7, for all n. So
A€, ™ =7,ie € C . But the (z;) IID and hence 7 is p-trivial (Kolmogorov 0 — 1
law), so & is p-trivial. O
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Theorem. Let m be a probability measure on R such that [ [z|dm(z) < co and
Jgxdm(z) = v. Let (E, &, ) be the canonical model, where the coordinate maps
fn(x) = x, are IID with law m. Then

u<{x:w—>yasn—>oo}>:1.
n

Proof. Let 0 : E — FE be the shift map 6(z1,z9,...) = (z2,23,...). It is measure
preserving and ergodic. Consider f : E — R as f(z) = x1. Then f € L'(u) as
[1fldp = [ |z1]dm(z1) < oo. Also,

So(f)=f+folb+ -+ fold P =xi+z04 -+ 3y
Hence by Birkhoff and von Neumann, as 6 ergodic, by Remark (1) earlier this lecture,

Sn(f):$1++xn—)f:/fdu/x1dm($1):V

n n

v almost surely. O

Theorem (Kolmogorov Strong Law of Large Numbers (1930)). Let (X,,) be a se-
quence of IID integrable random variables, with EX; = v. Set S, =Y ;" ; X;. Then

% — v almost surely as n — oo.

Proof. Let m be the law of X,,, p = PoX ! where X : Q — Eis X (w) = (X1 (w), X2(w),...).
Then apply the previous theorem. ]

This is the end of the course.

( N
Remark.

(1) If (uy) is a sequence of probability measures that converges weakly to p, then
(un) is “tight”, i.e. Ve > 0, 3 a compact set K such that u,(K¢) < e for all n.

(2) If (un) is a sequence of probability measures that are tight, then there exists
a subsequence (ny) and a probability measure p such that (u,,) — p weakly
(Banach-Alaoglu Theorem) (Prokhorov Theorem).
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almost surely 25, 27, 28, 29, 34, 35, 36, 45, 51, 54, 69, 70, 72, 74, 77, 80
¢ 56, 64, 65, 66, 68

characteristic function 56, 58, 66, 67
converges in distribution 27

weakly 64, 80

convex 44

Cr 64

77 : ergeodic 77

ergodic 71, 72, 74, 79, 80

eventually 16

convolution 57

FT of f 55, 56, 58, 59, 60, 62, 63, 64, 65
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Gaussian convolution 59, 60, 62, 65
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g: 59, 60, 61, 62, 63, 64, 65, 67
independent 15, 26, 27

independent 23, 24, 25, 26, 27, 28, 41
independent 15, 28

integrable 30, 31

i.o 16, 26, 27

measure preserving 71, 72, 74, 75, 76, 77, 79
® 39, 40, 41, 42

® 38, 40, 41, 57

Rademacher function 24

simple 29, 30, 31, 32

tail o-algebra 27, 28, 79

T 27,28, 79

f-invariant 71, 75

f-invariant 71, 72, 74, 75, 77
uniformly integrable 51

UI 51, 52, 53, 54, 74

weakly 64, 66, 67, 68
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