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1 Introduction

If L O K are fields, then L is an extension of K. Notation L/K. We can think of L as a
vector space over K. The dimension of L/K is called the degree of the field extension,
and is written as [L : K].

Definition (Number field). A number field is a subfield K of C with [K : Q] < co. W

Example.

1) Q

(2) Let a € C be algebraic, i.e. aroot of a polynomial with integer coefficients. Then
Q(«) (this notation means the smallest subfield of C containing «) is a number
field. [Q(«) : Q] = deg fn, where f, is the unique monic minimal polynomial of
a over Q. By the Primitive Element Theorem (see Galois Theory), all number
fields are of this form.

(3) Quadratic fields: K with [K : Q] = 2. K = Q(y/m) where m € Z, m # 0,+1
and square-free.

(4) Cyclotomic fields. Let n € Z>3. Let 6,, = ¢*™/™. This is an n-th root of unity,
ie. 0 =1. Then K = Q(6,,) is a number field, with [Q(6,) : Q] = ¢(n), where
©(n) is the number of residue classes modulo n that are coprime to n.

Why study Number Fields?

Consider Fermat equation:

n

oyt =2", x,y,2 € 7.
Consider the n = 2 case. We are interseted in primitive solutions (solutions with
ged(z,y, z) = 1). Furthermore we assume z,y, z > 0.

Assume 2t y. Note that (z — 2)(z + 2) = 22 — 22 = ¢%.

Claim: ged(z — 2,2 + ) = 1. Indeed let p | 2 — 2,2 + 2. Then p | 2z,2x,5%. But
ged(2z,22,9%) = 1 (since we assumed 2 {y and ged(z, y, z) = 1), so no such p exists.

y? has all prime factors with even multiplicities, and these factors must go to either

(z — ) or (z + x) with the multiplicity they occur in 32. Conclusion: z — z = n?,
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2z 4+ x =m? for some 0 < n <m € Z and coprime and odd. We now have:

m?2 — n? m? 4+ n?
r=———", Z:T, Y =mn

All solutions must be of this form. Easy to check that these are all solutions. More
customary to write

T = 2mn, y:m2—n2, z:m2—|—n2,

m > n, ged(m,n) = 1, and exactly one of them is even.

Fermat claimed: No solutions for n > 3 and x,y, z € Z~q. First step is to factorize the
equation. For n = 2, we used X?—1 = (X —1)(X +1). For general n, we have X" —1 =
H?:_&(X — 0%). Assume n is odd, then consider X — —X: X" +1 = H?:_&(X +67,).
Now substitute X «+ % to get

n—1
o=y = T[4 ).
=0
Next step: show that (z + y%) is an n-th power.
Issues:

 Unique factorisation may fail. In fact, Z[6,] is not a UFD for any prime n > 23.

e Even if it is a UFD, if o has all prime factors with multiplicity divisible by n, we
can conclude only that a = uf™ for some g € Z[f,] and some unit v € Z[0,]*
(reminder: u € R is a unit if there exists u=! € R such that uu™! = 1, and R*
denotes the set of units in R).

Theorem (Kummer 1850). If p is a regular prime (not defined here), then
2P 4 yP = 2P

has no solutions with z,y,2 € Z>1.

Aims of the course:
o Ring of integers in number fields
e Unique factorisation of ideals
e Units

o Fermat equation: prove Kummer’s Theorem in the case p t zyz
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1.1 Ring of integers

Let a € C be algebraic. Then there is a unique monic irreducible polynomial f € Q[X]
of minimal degree such that f(«) = 0. This is called the minimal polynomial.

Definition (Algebraic Integer). « € C is an algebraic integer if it has minimal
polynomial f, € Z[X].

e N
Remark. If a is a root of a monic polynomial f € Z[X], then « is an algebraic

integer. Indeed, then we can write f = f, - h with f, the minimal polynomial of «,

and h € Q[X] monic. By Gauss’s Lemma (see GRM), both f,, h € Z[X].
L J

Theorem. Algebraic integers form a ring.

Notation. The ring of algebraic integers is denoted by O. If K is a number field,
then O = ON K.

Example. f K =Q, Ox =Z. Let $ € Q. fo=2—%. So; € Og < ; €L

Example. Quadratic fields: Let K = Q(y/m), where m # 0,1 € Z is square-free.
Then
{a—l—b\/m a,beZifm=2,3 (mod 4)
K =

a—i—b(@) a,beZifm=1 (mod 4)

All elements of K are of the form o = a 4+ by/m with a,b € Q. a € O <= 2a €
Z,a® — b’>m € Z.

fo = (z — (a4 bvm))(z — (a — by/m)) = 22 — 2az + a® — b*m.
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Example. n € Zys. K = Q&%) Ok = Zlbs] = Z® 6,2 --- ® 05" L.
0

Here, the direct sum notation () means that each element of the ring Ok can be
decomposed in a unique way, as opposed to if we used sum notation (+), where
we would just assert that every element can be written in some way (but possibly
multiple).

Why not work with Z[a] C Q[a]? Only Og works.

Proposition. Let a € C. Then the following are equivalent:
(i) € O.
(ii) Z[a] is a finitely generated Z-module, that is
Zla] = BiZ + BoZ + -+ + Bu

for some f1,. .., B, € Za].

(iii) There is a finitely generated Z-module M C C such that aM C M.

Proof.

(1) = (2) We show that
Zla)=Z+aZ+ -+ Za* 7
M

where d = deg f,. Enough to show that o* € M for all n € Zsq. Observe
that for n > d:
a" = (0! — fu(@))a" ",

ean=17+--+7

Using this and induction, the claim follows.
(2) = (3) Trivial.

(3) = (1) Let M = B1Z + --- + BxZ be finitely generated, and suppose aM C M.
We exhibit a monic polynomial f € Z[X] such that f(a) = 0. There are
m;; € Z such that

afi =mafi+--+mipbn  Vi=1,...,n



Let A be the matrix with entries m;;. Then
B af
al =1 :
Bn aBy
« is an eigenvalue of A. Then f = det(z — A) € Z[X] is monic, and has
the property that f(a) = 0.

O]

Proof that algebraic integers form a ring. Let o, 5 € O. We want to show that o — 3
and aff € O. Let M = Z[a, ). Clearly (a« — )M C M and (af)M C M. We show that
M is a finitely generated Z-module. Specifically

nom
M = ZZaiﬁjZ,
i=1 j=1

where aq,...,an, B1,. .., Om are generators for Z[a| and Z[(] respectively. a,f € M,
and M is a ring. O

Additive structure of Oy

Theorem. Let K be a number field. Then 351, ..., 54 € Ok such that
Ok =01Z® - @ BaZ

with d = [K : Q).

Definition. Such a tuple of 3’s is called an integral basis.

J

Suppose that we know that O is a finitely generated Z-module. By the structure

theorem,
O 21" QLWL ® - - & Liwsl
Start of
lecture 3 Let K be a number field, O the ring of integers. Let [K : Q] = d.
Aim: J an integral basis, that is a1, ...,aq € Ok such that

Ok =nZ&® - agl
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If M C K is a finitely generated Z-module, then
M=0Z® a2
Observe r = dimg spang (M ):
e Qi,...,q, is linearly independent over Q.
o spang(M) = spang(ai,...,a).
Observe spang O = K:

o If @ € K, then aa € Ok for suitable a.

Discriminant of tuple

Recall Norm and Trace (from Galois Theory). Let L/K be a finite extension of fields.
For o € L, we can associate my, : * — ax on L considered a vector space over K. The
norm is Ny g (a) = det(mq) € K. The trace if Try k(o) = Tr(ma) € K. Recall the
following properties:

o fae K, Try k(o) = [L: Kla, Np/g(a) = allK],
o a,f€L: Tryx(a+B)="Trp k() + Trp x(B), Npjr(aB) = Npjx(a)Npjk(B).
o Let M/L/K: Tryg (o) = Trp g (Trpp (), similarly with norms.

Fix K. Let d = [K : Q]. Then there exists d distinct embeddings o1, ...,04 : K — C (if

K = Q(«), and f is the minimal polynomial of «, then o1(«), ..., 04(a) are the roots of
f)-
We have:

Ngjg(a) = o1(a) - -~ oq(a)
Trgjg(a) = o1(a) + -+ + 04(a)
If a € Ok, then N g(a), Trg/g(a) € Z. If a is such that K = Q(«), and

F(X)=X%+ag 2%+ +ag
is its minimal polynomial, then

NK/Q(Q) = (—1)da0, TrK/Q(a) = —ag_1.

Fix K. Write N = Ng/q, Tr = Trg/q.
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Definition (Discriminant).Let 01, ..., 04 be the embeddings K — C. Let a1,...,aq4 €
K. Then we write
disc(ay, ..., aq) = det(oi(ey)).

Note that det(o;(c;j)) denotes the determinant of the matrix whose ij-th entry is

Ui(aj).

Example.
disc(l,a,0?,...,a" ) =[] (0i(a) - 0j(a))?

1<i<j<d
If K =Q(«a) and f is the minimal polynomial, then this equals

d(d—1)

(1) 2 N(f'(a)).

s B
Note.
Zla)=Z+aZ+ -+ a7
for a € Ok.
L Y,
Lemma.

disc(a, . .., oq) = det(Tr(a;0))

Proof. Write [x;;];; for the d x d matrix with entries z;;. Note

d
o (e)liglog ()i = | D oiliay) | = [Tr(aia)]i
j=1
Determinants are multiplicative and invariant under transpose. ]
Lemma.
disc(aq,...,aq) =0 <= a,...,aq are linearly dependent over Q
Proof. If a1, ..., aq are linearly dependent, then the rows of [Tr(cjc; )] are also linearly

dependent. Then det = 0, so disc = 0.
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For the converse, suppose for the contrary that «asq, ..., aq are linearly independent over
Q, and for sake of contradiction, assume disc = 0, so disc(Tr(o;;)) = 0. Then there
exists some aq,...,aq not all 0 such that

d
Z a; Tr(a;o) =0 V)

i=1

This is equivalent to (by additivity of Tr):

Tr <<Z am) aj> =0V

By linear independence of aq, ..., ay,
. Zz a; 75 0.
e dby,...,bq such that ﬁ_l = Zj bjOéj.
Then
ijTl"(,@ . Oéj) =0
J
hence
Tr(8-571) = Tr(1) = 0
which is a contradiction, since Tr(1) = d # 0. O
Corollary. ai,...,qaq are linearly independent over Q if and only if the complex
vectors (01(aj),...,0q(a;))T € C?for j =1,...,d are linearly independent over C.

10
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by 71,71, ..., Ts, Ts (relabelling of o,41,...,04).

Define ¥ : K — R? by

This is Q-linear.

Definition. Let K be a number field. Recall that we have d embeddings o1, ..
K — C, where d = [K : Q]. We write r for the number of o; such that ¢;(K) C R.
Furthermore, we order the o; such that o1, ..., o, are precisely the real embeddings.

.04 "

Write s = %. There are s pairs of complex conjugate embeddings. Denote them

Lemma. Let a1,...,a4 € K. Then

disc(av, ..., aq) = (—=4)* det(Z(aq), ..., B(ag))?

Proof. The matrix [0;(a;)];; has the following rows somewhere:

T =) - Tylay >+
Tl T T (o) R(T(s0)
VEY S :FJ(D{;\

-iIm(/G(UJ“ o

det(o4(ay)) = £(—24)° det(X(cv), ..., X(aq))). Squaring this we get the claim.

11




Definition (Lattice). A lattice in R? is an additive subgroup of the form
A:le@---@vdZ

where vq,...,v4 € RY.

Definition (Fundamental domain). A fundamental domain is a Borel set which
contains exactly one point from each coset of some lattice A.

See Probability & Measure for a definition of Borel sets. The rough idea is that
Borel sets are the sets for which we have a well-defined notion of volume.

Example. Fundamental parallelepiped:

[071)'U1+"'+[O71)'Ud

Lemma. All fundamental domain have the same volume.

Proof. Out of the scope of this course (but should be fairly simple if you have studied
Probability & Measure). O

Notation. We use coVol(A) to denote the volume of any fundamental domain of A
(this is well-defined by the above lemma).

Observe:
Vol([0, 1)vy + - - - + [0, 1)vg) = | det(vy, ..., vq)]

disc(au, ..., 0q) = (—4)* coVol(Z(a1Z + - - - + Z(aq)Z)>.

Definition (Discriminant of a module). The discriminant of a module of rank d is
the discriminant of any basis of it (this is well-defined by part (3) of the following
proposition).

12
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Proposition. Let a1,...,a4,51,...,84 € K which are linearly independent over
Q. Let A € Q%% such that

(517 cee 7/8d)T = A(ab' . 'aad)T'

(1) Then
disc(B1,. . ., Bq) = det(A)? disc(av, . .., ag).

(2) If B1,...,B4 € Zay + - - - + Zayg, then

| disc(B1, ..., Bq)| > |disc(aq, ..., aq)|.

3) If the o’s and B’S enerate the same module, then the discriminants are the
g
Same.

Proof.
[0(Bi)]ij = Aloj(ci)]

First claim (1) follows by the definition of discriminant and the properties of det.

For (2), there exists A € Z%*? such that (81,...,84)" = A(a1,...,aq)", and |det(A)| >
1 since det(A) # 0.

For (3), we already have > by (2). For <, we can exchange the a’s and (’s. O

Proposition. Let M7 C My be two modules of rank d in K. Then

diSC(Ml) = |]\42/]\4'1|2 diSC(MQ)

Recall from GRM:

Theorem. Let M; C M be two free Z-modules of rank d. Then M> has a ba-

sis aq,...,0q and there are ai,...,aq € 7Z such that a3 | ag | -+ | ag and
aiaq, ..., aq0q is a basis for M.

Start of

lecture 5 Theorem. Let K be a number field. Then aq,...,aq € Ok is integral basis if and
only if |disc(ayq, ..., aq)| is minimal among all Q-linear indepdendent tuples.

13


https://notes.ggim.me/GRM
https://notes.ggim.me/NF#lecturelink.5

Proof. Let a,...,aq be such a tuple. Let 8 € Og. We need to prove that g8 € M =
a1Z + - -+ agZ. Then

disc(M + BZ) = |M + BZ/M| % disc(M) = |M + BZ/M| =1,

so B e M. O

Definition (Discriminant of a number field). The discriminant of a number field
is the discriminant of any integral basis.

Example. Quadratic fields: K = Q(y/m), m square-free, m # 0. Two cases:

(1) m=2,2 (mod 4): Og =Z+ /mZ,

. 1 ym
disc(K) = ’1 _ 4m
(2) m=1 (mod 4): O = Z + Y7,
| Lym|®
disc(K) = ) 1_%/% =m
2

Proposition. Let a,...,a4 € Og be Q-linearly independent. Then dg € Z>g
such that ¢%disc(aq, ..., aq) and all 8 € Ok can be written as

a1oq + - - + agay
q

8=

with ay,...,aq € Z.

Proof. Set
disc(aq, ..., aq) 1/2
= < disc(K) >
Then
|Ok/aiZ& - ® g | =gq
—M
B8€0k,q8=0in M,s0qB8 € a1Z @& - P agZ. O

14




Unique factorisation of ideals

Consider K = Q(v/=5), Ok = Z[/—5]. We have
2:3=6=(1++v-5)(1—-+-5)

In order to have unique factorisation, would have to have these elements split into smaller
element. Say 2 = myme. N(2) =4, N(1++/—5) = 1+5 = 6. We would need N(m) = £2.
No such 7y, ms.

Definition (Ideal). A set I C Ok is an ideal if

a,el = a+pel
acel,peOx = afel

Example. The principal ideal generated by 8 € Ok is

{B-a:a€ 0k} =p0k=(B) =(Boxk

Observe that (8) = (a) if and only if § = ua for some unit v € OF.

Definition (Product of ideals). Let I,J C Ok be two ideals. We define

IJ:{alﬁl—l—---—i—akﬁk:al,...,akEI,ﬁl,...,BkGJ}.

Remark.
e The set of ideals with this multiplication is a semi-group.

e a+ (a) is a homomorphism.

Definition (Prime ideal). An ideal P C Ok is a prime ideal if the following holds:
whenever a8 € P for some «, 8 € Ok, then at least one of «, 8 is in P.

Fact: This is equivalent to Ok /P being an integral domain (recall that an integral
domain is a commutative, unital ring without 0-divisors).

Fact: (a) is a prime ideal <= « is a prime in Og.

15
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Theorem. Let K be a number field. Then all non-zero ideals in O are a product
of non-zero prime ideals, and this factorisation is unique up to the order of the
factors.

( N
Remark. Addition on ideals can be defined as

I+J={a+pB:acl,peJ}

But this does not make the set of ideals a ring. Also, (a)+ (5) # (a+ ) in general.
L J

Lemma.

(1) All ideals in Ok are finitely generated. That is, they are of the form 51Ok +
-+ B Ok for some B1,...,0; € Ok.

(2) If I, € I C I3 C --- is a chain of ideals, then there exists k such that I, =
Ipp1 = Igp2=---.

(3) Any collection of ideals contains a maximal one with respect to C.

This is called Noetherian property.

Proof.
(1) I C Og is finitely generated as a Z-module, which is even stronger than (1).

(2) I =U;2,is anideal, so I = 81Ok + - -+ + BrOk. Then there exists m such that
Bi... Br €Iy Then I = Iy = Ijpyq =+ -.

(3) Suppose not. Then there is an infinite chain of ideals
hGhGh G-

contradicting (2). O

Remarks:
e O is not a prime ideal.

o {0} is not an integral domain (note that {0} is a ring, with 1 = 0).

16
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o (0) C R is a prime ideal if and only if R is an integral domain.

e I C Ok is a prime if it is a non-zero prime ideal.

Definition (Maximal ideal). An ideal I C O is maximal if the only ideals J with
I CJC Ok are I and Og.

Fact: I is maximal if and only if O /I is a field.

‘ Lemma. In O, primes and maximal ideals are the same. ’

Proof. First we prove that Ok /I is finite for all non-zero ideals. Enough to show that
the rank of I is d = [K : Q] as a Z-module. Take an integral basis ay,...,aq € Ok. Let
0 # p € I. Then Bay,...,Lag € I is linearly independent over Q. Then rank(l) = d.
Now the lemma follows by the fact that finite integral domains are fields. Hint: Show
that Ok /I is equal to its field of fractions. O]

Lemma. Let o € K. Suppose that there is a finitely generated Og-module M C K
such that oM C M. Then o € Ok.

~

Remark. Integral domains that satisfy this property with the field of fractions
playing the role of K are called integrally closed.

Proof. M is also finitely generated as a Z-module, because Ok is finitely generated as
a Z-module. Then « is an algebraic integer, hence o € O. O

An integral domain satisfying the conclusions of all 3 lemmas is called a Dedekind do-
main.

Let I be a non-zero ideal. By the Noetherian property, there exists a maximal ideal P
such that P D I. Then P is a prime. It would be great if we had:

I > J <= dI5 ideal such that 115 = J.

Observe that:

17



e This holds for principal ideals:

(B) C{a) <= Bela)
— [ ="« for some ~

= (B) = (M)

e The « direction is trivial. Indeed, if a € I, 8 € I, then af € I. The collection of
all possible such af generate J, so indeed J C I.

If this was true, we could write I = PI; for some ideal I.

Definition (Fractional Ideal). A fractional ideal is a finitely generated O g-submodule
of K.

( )
Note. We extend the definition of multiplication of ideals to get multiplication of

fractional ideals.
L )

Lemma. If ] C K is a fractional ideal, then Ja € Z such that a - I is an ideal.
Conversely, if I C Ok is an ideal, then « - [ is a fractional ideal for all a € K.

Proof. Let a,...,ap generate I as an O g-module. Write them as Q-linear combinations
of an integral basis. Take a to be a common denominator of all the coefficients. Then
acj € Ok. Hence al C Ok. Also, al is an Ox-module. Then al is an ideal.

Conversely, if I is an ideal, then it is a finitely generated Og-module, then so is af. O

Proposition. Let P be a prime. Then there exists a fractional ideal P’ such that
PP = (1).

Proof. Let P! = {a € K | aP C Ogk}. This is an Og-module. Moreover, SP" C Ok
for any 0 # 8 € P. Then P’ is finitely generated as a Z-module. Then P’ is also
finitely generated, so P’ is a fractional ideal. Observe P'P C Ok, hence it is an ideal
(note that fractional ideals contained in O are always ideals). Also by O C P/,
PP > POg = P. Ogx D P'P D P, so P'Pis Ok or P. To exclude the second
possibility, we show that there exists & € P’ \ Og. Then we cannot have aP C P,
because that would imply o € Ok, by Ok being integrally closed.

18
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Let 0 # 8 € P. Let k be the smallest number such that there exists @1, ..., Q primes
with Q1,...,Qr C (B) (see next lemma for existence of k). Note that @Q1,...,Qr C
P. Since P is a prime ideal, there exists j with Q; C P (we use the fact that
IJ Cc P = I C PorJ C P). But Q; is a maximal ideal, so Q; = P. Let
v € Qi Qi—1Qj41---Qr \ (B). Such a v exists by the minimality of k. Then
v ¢ (8) = 4 ¢ Ok. Then Py € (8) = ZP C Ok. So we can take o = 3.

B
O

Lemma. Let 0 # I C Ok be an ideal. Then there are primes Pi,..., P, C Ok
such that I D PPy --- Py.

Proof. Trivial if I is a prime. Suppose that the lemma is false. Let I be maximal among
the ideals for which it fails (since O is Noetherian). Then I is not a prime. Then there
exists a, B € Ok \ I such that af € I. Then

(I + () (I +(B)) C 1
—_—
oI oI
By hypothesis, there exists Q1,...,Q;, R1,. .., Ry C Ok primes such that
Q1‘~-ng1+<a> and Rl'-‘ngI+<,6>.
Multiplying these together, we see that the lemma holds for I also. O

Theorem. Non-zero ideals in Ok are products of primes in a unique way up to the
order of the factors.

Proof. Let i be a non-zero ideal. Let P; C Ok be an ideal that is maximal among those
that contain I. Then Py is a maximal ideal, hence prime. Let I; = I - P~' (P! is
notation for P’ from the Proposition about PP’ = (1)). Observe that I1/P = I and
I1 C Ok is an ideal. This is because Iy = [ - P~! ¢ PP~ = (1) = Og. Also, I 2 I,
for otherwise we would have al C I for all @ € P~!, and this would imply P’ C Ok.
Keep going with this, and we get sequences Py, P»,... and I1 C Iy C I3 C --- such that

I;_1 = I;P;. This must terminate, so I, = Ok for some k. Then

I=PL=PPlh=--=PP---PI,=P - P

We now show that Py --- P, = Q1+ implies k = and P; = Q45 for some permuta-
tion o. It is enough to show that P; = Q; for some j, because then the claim follows by
induction on k£ + [. Observe that P; D P;--- P, = @)1 ---Q;. By the argument for the
proof of the lemma, P, must be equal to one of the Q;’s. O

19
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Corollary. For all non-zero fractional ideals I C K, there exists I -1 C K a frac-
tional ideal such that I1-! = (1). That is, fractional ideals form a group.

Proof. If I C O is an ideal, then I = P, - - - Py, for some primes. We can use the lemma
and take: 171 = Pfl---Pgl. In the general case, I = J; - ~-J51, where Jp, Jo C Ok.
In fact we can take Jo = (a) for some a € Z. Then use the special case, and take
It =J 1. O

Corollary. Let 0 # I, J C Ok be ideals. Then

I > J < 3dI, C Ok such that Il, = J.

Proof. Take Iy = J - I7'. We need to show that J-I~! C O. Let « € J-I~!. Then
al C J C 1, so by integrally closedness, @ € Ok as needed. O

Corollary. Ok is a UFD if and only if it is a PID.

Proof. PID = UFD holds in general.
Suppose it is a UFD. All elements a € Ok are the product of primes. All principal

ideals are products of principal prime ideals. Let I be an ideal, and let g € I. () C
I = I|(B). So all prime factors of I are prime factors of (3), hence principal. O

Recall J | I <= J D I, by a Corollary from last time.

Definition (gcd and lem). ged([3, I2) is the smallest ideal J such that J | Iy, J | L.

lem(11, I3) is the largest ideal J such that Iy, I | J.

Fact:

ged(l, L) =L+ L={a+B:acl,fe J}
lcm(Il,Ig) =L NI

20
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Norm of ideals

Definition (Norm of an ideal). Let I C Ok be an ideal. Then N(I) = |Og/I|. W

Recall: If I # (0), then N(I) < co. If aq, ..., o4 generate I as a free Z-module, then

N(I) = <discf§;é(k)’ ) > 1/2

Proposition. Let I,J C O be non-zero ideals. Then

N(IJ)=N()-N(J).

Proof. Enough to prove when J is a prime. This special case implies that
N(Py---P,)=N(Py)---N(FP)

for primes Pi,..., Pr. Apply this to the factorisation of I, J, IJ to deduce the general
case.

Now let J be a prime. Observe Ok /I = (O /IJ)/(I/1J). So
N(I)=N{IJ)/|I/1J|.

So it is enough to show N(J) = |[I/1J|.

Let a1, ..., apn(s) be representatives for the cosets in O /J. Let 3 € I'\ 1J.

Claim: fay, ..., Bay(y) are representatives for I/1.J.

Proof:

(1) Show Vv € I, 3oy such that v = S (mod IJ). Enough to show that Ja € Ok
such that v = Ba (mod IJ), because Ja; = o (mod J). Need to find « such that
v —Pa € I1.J. This is the same as showing that v € I.J+(S). Note () =1-P; --- Px,
where none of the P;’s are J. Now

IJ +(B) = ged(1J,(B))
=7

That is good because v € I.
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(2) Want to show fa; = fa; (mod IJ) implies ¢ = j. We have I.J | (8)(a; — o). This
is
1J | I-Pl-"Pk<Oéi —Oéj>
- IJ|P1---Pk(a,-—aj>

J [ {ai —aj)
= i=7
O
Lemma. Let a # 0 € Ok. Then N({a)) = |Ng/g(a)|.
Proof. Let aq,...,aq be an integral basis. Then
(a) =aa1Z @ - - - ® aogZ.
Now we can calculate:
disc(aayq, . .., aayg)
N 2 _ ) )
({) disc(aq, ..., aq)
and
disc(aay, . . ., aag) = det(o;(a;))?
0'1(05)2 oo ad(a)2 . det(ai(aj))Q
= NK/@(Q)QdiSC(K) O

Let L/K be an extension of number fields. Given an ideal I C Ok, we can associate to
it an ideal in Op:

I-Op={apr+ - +apby:a;,€I,5€0L}
This is indeed an ideal in Ojp,.
It is the smallest ideal that contains I.

Fact:
(1LO) - (1201) = (I112)O01,

Given an ideal I C Oy, we can associate to it one in O: I NOg. Again this is an ideal.
In general:
(Iﬂ OK)(IQ N OK) 75 (11]2 N OK)

22



Lemma. The following are equivalent for P C Ok and @ C Of, primes:

(1) Q[ POL.
(2) QNOkg =P.
Proof.

(1) = (2) @ D POL D P. So QNOk D P. But P is a maximal ideal, so enough to
show that Q@ N O € Ok. And this follows by 1 ¢ Q.

(2) = (1) (2) implies @ D P and hence @Q D POj because ) is an ideal. Then
Q| PO;. O

Definition (Lying above). Let P C Og, Q C Op be primes. If Q | POy, (or
equivalently @ N Ok = P), we say that @ lies above or over P, and P lies under or
below Q.

Lemma. For all primes Q C Oy, there is a unique prime in Ok that lies under it.
For all primes P C Ok, there is at least one in Of, that lies over it.

Proof.

(i) Need to show @ N Ok is a prime. Observe that 1 ¢ Q N O, so is a proper ideal.
Since Or,/Q is finite, the image of O (Ox/Q N Ok) in it is also finite. Since
Ok is infinite, @ N O # (0). Suppose that o, 5 € Ok and aff € Q N Og. Then
af € @, a prime ideal, hence a € Qor 5 € Q. Soa e QNOk or B € QNOk. So
Q@ N Ok is indeed a prime.

(ii) We only need to show that POy, is a proper ideal, because then it has prime factors.
To that end: Op = (POL)(P~10Oy). If O, = POy, then

Or, = (’)L(Pfl(’)L) = P*1(9L

so P~1 C Or. But we have seen that P~! contains elements which are not algebraic
integers.

O]

Start of
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Definition (Ramification index). Given an extension of number fields L/K, and
primes P C Ok, Q C Op such that P lies over ), we define e(Q | P) to be the
largest e € Z such that Q¢ | POp.

Observe: O, — O /Q sends Ok to O /P because Q N O = P, so O1/Q | Ox/P.

Definition (Inertial degree). If P lies over @, we define the inertial degree

f(Q|P)=[0L/Q:Ok/P].

Let M/L, let R C O be a prime that lies over Q). Then R lies over P, and

e(R|P)=e(R|Q)e(Q]|P)
fRIP)=FR[Q)F(Q]P)

Lemma. For all ideals I, 3k € Z~ such that I* is a principal ideal.

Proof. Later. This Lemma is only stated now so that we can use it in the following
proofs. O

Proposition. Let L/K. Let I C Og. Then N(IOp) = N(I)IFK],

Proof. True for principal ideals. Indeed, if I = aOk for some a € Ok, then
IOL = OéOL
N(aOp) = Np,g(@) = N g(a)EH]
Now to prove for a general ideal I, pick k > 0 such that I* is principal. Then by the

above, the equality holds for I*. Hence it holds for I, by multiplicativity of N (I) (since
N(I) is a positive integer). O

Theorem. Let @1,...,Q, be the primes in Of, that lies above P C Ok. Then:

r

[L:K]=) e@;| P)f(Q;|P)

Jj=1
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Proof. PO, = QT(Q”P) e Qf«(QT'P) (by the definition of ramification index). Then

N(POL) = N(Q1)*@P) ... N(Q,)¢@rIP) = N (P)Xi=1 ¢(Q:lP)](Qs1P)

By the above Proposition,

N(POpL) = N(P)IFK],

So the desired equality follows, since N(P) > 1.

Theorem (Dedekind). Let K be a number field. Let P C Ok a prime. Let p be
the rational prime below P. Let g € Ok[X] be monic and irreducible. Let a be a
root of g, and let L = K(a). Assume p 1 [Of : Ok|a]]. Let g be the image of g in
(Ok/P)[X]. Let
9=91 9

be the factorisation of g into irreducibles in the (Og /P)[X]. Let g; € O [X] monic
such that g; = g, (mod P) for all j. Then Q; = POy + g;(a)Oy is a prime in Oy,
with f(Q; | P) = deg g;, and

POL = Q5 - Q.

r

Definition (Monogenic). A number field K is monogenic if there is o such that
Ok =Z[o].

Proposition.
QS'---Q C POy,

Proof. Pick e; elements (not necessarily distrinct) from each PO U {g;(a)}, and mul-
tiply them together. Collect all such products in a set A. By definition, Q' --- Q¢ is
generated by A. So it is enough to show that A C POp. All but one element in A has
a factor in POp. The exception is g1(a) - gy() = g(a) = 0 (mod POp). Hence
gi(@)® -+ gr () € POL.

Proposition. POL/Q; is a factor of (O /P)[X]/(g;) (“factor” is another way of
saying “quotient of”).
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Two possible factors (since g; is irreducible, so (O /P)[X]/(g;) is a field): POL/Q; =
{0}, so Q; = POy, or POL/Q; = (Ok/P)[X]/(g;), in which case @; is a prime and
f(Qj | P) = degy;.

For A C R, we use (A)r to denote the ideal generated by A in R.

Lemma. Let R1 23 Ry &3 R3 be surjective homomorphisms of rings. Let A C Ry
such that (¢1(A))r, = ker(y2). Then:

ker(ipz 0 ¢1) = (A) R, + ker(p1).

Key point is to show:
e1({(A)r,) = (1(A)) R,

This uses the surjectivity of 1.

Proof of Proposition. First we prove
(Ok/P)[X]/(g;) = Okl[a]/(P, gj(a))
(Ok/P)[X] —2= (Ox/P)[X]/(g;)

y

Ok[X]
~
Okla] —2*— Ok[a]/(P, gj(a))
@201t Let A={g;}. Then ¢1(g;) = g; generates (g;) = ker(ip2).
ker(pz 0 1) = (9;) Ok [X] + POg[X].
xzox1: Let A=PU{g;}. x1(4) =PU{gj(a)} generates ker(x2).
ker(x2 o x1) = POk[X] + (9;) O [X] + (9) Ok [X].
Noet g = gj o h (mod P) (where h is the product of the other g;’s).

{gjh € (9j) ok [X]

— g€ POg|X]+ (g;
o gih € POKIX] 9 € POK[X]+ (9j) 0 [x]

So the RHS of the two earlier equations are equal, so @2 0 1 and x3 o x1 have the same
kernel.

Observe Q;NOkla] D (P, gj(a)) o [a]- Okla]/QiNOK]a] is a quotient of Ok la]/(P, g;j(a)).
Enough to show that
0L/Q; = Okla]/(Q; N Okla])
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or5 0L/Qj, ¢(Okla]) =2 Okla]/(Q; N Okla]). Enough to show: Oxla] + Q; = Of.
Look at Or/(Ok[a] + Q;) in the category of abelian groups. This is a quotient of both
Or/Ok[a] and O /Q);.

(O : Okla] + Q4] | ged([OL : Ok[a]],[OL : Q;]) =1
ot =N(Q;)

where N(Q;) is a power of p because @; lies above P that lies above p. O

Proposition. If ¢ # j, then Q; + Q; = Or.

Proof. g;,g; are two distinct irreducible polynomials in (O /P)[X], a Euclidean domain.
By Euclidean algorithm, there exists h;, h; € (O /P)[X] such that

hig; + hjg; = 1.
Let h4, h; be lifts of h; and h; in Ok [X].
higi + hjgi =1 (mod P).
There exists f € POg[X] such that

hi(@)gi() + hy(a)gj(a) + f(2) = 1

~ ~—~
€Q;: €Q; epP
SoleQ;+Qj,s0Q; +Q; =0 O
Proof of Dedekind. Recall: POy, supsetQT' --- QS .
O]
Start of
lecture 11 We will use the notation of Legendre symbols:
0 ifp|m
<TZ> =<1 ifJa#0€Z/pZ with a> =m (mod p)

—1 otherwise

See Number Theory for some properties.
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Theorem. Let K = Q(y/m). Let p € Z be prime and suppose m is square-free,
with m # 0,1. Then:

(1) p is ramified in K, that is 3P C O such that pOx = P2, if and only if p is od
and p | m, or p is even and m = 2,3 (mod 4).

(2) pis split in K, that is 3Py, P, C Ok such that pOx = P, Py, if and only if p is
odd and (%) =lorp=2and m=1 (mod 8).

(3) pis inert, that is pOk is a prime, if and only if p is odd and <%> =—lorp=2
and m =5 (mod 8).

Proof. If p is odd or if p =2 and m = 2,3 (mod 4), then we can apply Dedekind with

g(z) = 22 — m, because p { [Ok : Z[\/m]]. If p = 2 and m = 1 (mod 4), then we

can apply Dedekind with g(z) = 22 —m + I_Tm, which is the minimal polynomial of

1+vm
ym 0

Definition (Class group). Write Z for the set of fractional ideals in K, which form
an abelian group under multiplication. Let P denote the principal fractional ideals,
which form a subgroup. The class group of K is

ClK) = I/P.

We have seen that for all I € Z, there exists a € Z such that al C Ok, that is al is an
integral ideal. Thus each class in C1(K') contains integral ideals.

Alternatively, C1(K) can be defined as equivalence classes of integral ideals under I ~ .J,
where I ~ J if and only if Ja € K such that I = aJ.

t Definition (Class number). The class number of K is h(K) = | C1(K)|. J

h(K) =1 if and only if O is a PID (which we also showed before happens if and only
if Ok is a UFD).

I Theorem. For all number fields, h(K) < oo. ’

In order to prove this, we need a couple of results:
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Theorem (Minkowski’s bound). Let K be a number field, let I C Ok be an ideal.
Write s for the number of pairs of complex embeddings of K. Then Ja € I such

that
1 s
IN(a)] < % (4) N(I)/dso(K).

™

Then by Stirling’s Approximation,

— = (14 0(1))V2rde .

Corollary (Minkowski’s bound 2). Let K be a number field, and let s be the number
of pairs of complex embeddings of K. Then every ideal class in CI(K) contains an
integral ideal I with

Ny < 5 (2) V)

s

Proof. Let I be an ideal. Let J C Ok be an ideal in the class of I~t. We apply the
Minkowski’s bound to J, so there is a € J such that N(a) < --- N(J)/disc(K). Since
a€J,J|{a),soaJt C Ok is an ideal in the class of I. Also,

1 s
N(aJ ™) = |N()|N(J) < % <4> V/disc(K).

s

This implies h(K) < oo because of:

Lemma. Let X € Ryg. Then there are only finitely many ideals in O of norm
< X.

Proof. Each ideal of norm < X is the product of at most logy(X) primes. The primes in
those decompositions lie over rational primes < X. For each such prime, there at most
d primes of Ok lying over it. O

Computation of CI(K):
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(1) Calculate X = 3711 (2)7 {/disc(K). For K = Q(y/m), we get:

@ ifm>1landm=1 (mod 4)
vm ifm>1land m=23 (mod 4)
X = 2v/—m

- ifm<Oand m=1 (mod4)
Wom it < 0and m=2,3  (mod 4)

™

(2) List all rational primes < X.

(3) Split all of these rational primes in Ok, and make a list of all prime ideals with
norm < X, say Pi,..., Py.

(4) Figure out when P;™* --- P,"* is principal for some my,...,my € Z.

Corollary (Minkowski bound 3).

d2d

disc(K) > @y <%)28.

This follows from N(I) > 1 and Minkowski’s bound 2.

Start of
lecture 12 Recall: o1,...,0, are the embeddings K — C with real image, 71,77, ...,7s,7s are the
other embeddings, d = r + 2s. We defined
Y: K —R?

Y(a) = (o1(a), ..., 00(a),Re(m1(a)), Im(71 (), ..., Re(Ts(x)), Im(75(cx)))

Y(0k) € R? is a lattice, i.e. it is an additive subgroup of R? generated by d linearly

independent elements.
coVol(X(Ok)) = 27°4/disc(K).

Let I C Ok be an ideal, then ¥(I) C ¥(Ok) is a sublattice, and
coVol(X(I)) = 27%y/disc(I) = 27N (I)+/disc(K).

(where disc([) is the discriminant of a generating tuple).
N R4S R,
T S
N(ar,...,za) = [T lejl [T (2rasl® + l2rigin ).
j=1  j=1

Note o € K, N(X(a)) = |[N(a)|. Need to prove that the lattive 3(Ok) contains a
non-zero element in the region:

{z e RY: N(x) < N(I)\/disc(K)}
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Geometry of numbers

Convex means that if z,y € S and a € (0,1), then az + (1 —a)y € S.

Symmetric to 0 means that if x € S, then —z € S.

Lemma. Let A C R? be a lattice, and let S € R? be a Borel set with Vol(S) >
coVol(A), then there exists x # y in S such that z —y € A.

Proof. Let F be a fundamental domain for A. Note that R? is the disjoint union of
{F+a:aecA}.

Define: S(a) = (SN (F+a)) —a for a € A. Observe that S(a) C F.
Vol(S) =Y Vol(SN(F +a)) =)
acl a€A

Then Ja #b€ Aand x € S(a)NS(b). Thenz+a#x+be S, and (x+a)— (x+b) =
a—beA. O

Theorem (Minkowski’s theorem). Let A € R? be a lattice, and let S C R? be
convex and symmetric to 0. Suppose coVol(S) > 2%coVol(A). Then 3z € AN S
such that z # 0.
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Proof. We apply the lemma for the set

1 1
Then Vol (%S) =2"9Vol(S). Wegetz #y € %S such that x—y € A. THen 2z, —2y € S,

).
and by symmetry, x —y = %(23:) + %(—2y) € S by convexity. O

Example (non-example). A = Z% S = (—1,1)¢, coVol(S) = 2¢ = 2¢coVol(A),
SnA={0}.

Is S is closed in addition, then > can be replaced by >.

Proof of Minkowski’s bound. Consider S = [-Y,Y]? for some Y € R. Then Vol(S) =
24y 4 and [N (x)| < 2°Y? for € S. Minkowski’s theorem gives SN A # {0} if Vol(S) >
2% coVol(A).

O

Note that for I C Of, there exists k > 0 such that I* is principal if and only if the
order of I in CI(K) is finite. But we now that CI(K) is finite, hence the order is always
finite, so there always exists some &k > 0 such that I* is principal.

Units: o € O is a unit if a1 € Ok. Notation:

OF ={u e Ok | u is a unit}.

Lemma. The following are equivalent for a € O
(1) a € OF.
(2) N(a) = =1.

(3) (@) = Ok.

Proof.

(1) = (2) N(a) € Z and
N(a)N(a™')=N(aa ™) =N(1) =1

with both N(a), N(a™') € Z since o, ™! € Of. Hence N(a) = +1.
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(2) = (3) Note:

N((@) = [N(@)] =1 = [0x/(a)| =1 = () = Ox.

(3) = (1) If (o) = Ok, then 1 = - 3 for some € Ok. Hence a € Ox.

O
Quadratic fields
Let m # 0,1, m square-free, K = Q(y/m). Recall:
a+by/m:a,be’Z ifm=23 (mod 4)
#.Q, EZ,2|a+b lfmzl (m0d4)
We have
N(a+ bym) = (a + bym)(a — by/m) = a®> — mb>.
There are 2 cases:
e m=2,3 (mod 4): O is the elements u = a + by/m with a,b € Z such that
a? —mb? = +1 (%)
e m=1 (mod 4): O is the elements u = % with a,b € Z such that
a® —mb? = 44 (%)

First consider m < 0. If m < —5, then
—mb? =44 —-d><4 — ymg% — b=0.
Then u = +1. We can go over the cases m = —1,—2, —3, —4 by hand:
e m = —1, the units are +1, +£/—1.
e m = —2, —4 the units are £1.

e m = —3, the units are +1, ili; =3

Now move onto m > 2.
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Theorem. Let K = Q(y/m), m > 2, squarefree. Then there is a unit u > 1 that is
smallest, and all units are of the form:

O ={xu" :n e Z}.

Proof. We first show that all units v > 1 are of the form u = a + b\/m with a,b > 0.
Note:

N(u) = £1 = (a + by/m)(a — by/m)
hence

{+u*'} = {£a + /mb}.

If w > 1, then these are distinct, and a + y/mb are the largest among them. Therefore
a,b > 0 indeed. The fact that u with v > 1 exists is not examinable, but there are two
ways to see this:

(1) The Pell equation a?> — mb?> = 1 always has positive solutions (see Part II Number
Theory).

(2) Can be proved using Minkowski’s theorem. We will sketch this proof.

We prove that there exists a smallest u among those > 1. Suppose not. Then Juq,us, ..., €
Oj such that ui,up > uz > --- > 1. Then #11 — 1, with each term lying in Oj; and

greater than 1. Then #’L > 1+ﬁ > 1, which is a contradiction. Let v € OF. We

show that v = +u®™ for some n € Z. Clearly this is true for v if and only if true for
+y+!. So we can assume v > 1. v = 1 is obvious, so assume v > 1. We cannot have

v € (u",u"th)

for any n > 0 because then v-u™" € O and 1 < v-u~" < u, contradicting the choice
of u. So v =u" for some n > Z>. OJ

This w in the theorem is called the fundamental unit.

We can find the fundamental unit by searching through the solutions of (x) or (xx). For
this the following observation helps:

Let (a1,b1) and (ag,b2) be solutions of (x) with aj,as,b1,b0 > 0. Then 1 < by < bo
implies:
a? =mbi+1 <mbi+1=ad3

So a? < a3, so in fact aj + biy/m < az + bay/m. So when looking for the fundamental
solution, it suffices to find the solution with b minimal.
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Theorem (Dirichlet’s unit theorem). Let K be a number field with r real embed-
dings and s pairs of complex embeddings. Let W denote the roots of unity contained
in Ok, that is a € Ok such that o™ = 1 for some m € Z. Then there are r + s — 1

units uy, ug, . .., Ur4s—1 € O such that all units can be written uniquely as
ni Nr4s—1
Wy - Upy g
for some ny,...,ny45-1 € Z and w € W. In addition, |W| < co.

The logarithmic embedding is
log : K — R™%; a1 (log [o1(a)], ..., log o (), 2log |71 ()], - ., 2log |7y (a) )T,

which is a homomorphism from (K, -) to (R"**,+). Observe that

7+

log |N(a)] = ) (log(a));-

i=1

We write V. C R™ for {z : 2+ 1+ 4+ 2,45 = 0}. If « € OF, then N(a) = +1, and
hence loga € V.

‘ Proposition 1. ker(log) = W and |W| < oc. ’

‘ Proposition 2. log(Oj) is a lattice in V. ’

Proof of Dirichlet’s unit theorem (non-examinable). Let x1,...,z,+s—1 be a basis for
log(O%). We can choose u;j such that log(u;) = z;. Easy to check that the theorem
holds with this choice. O

Proof of Proposition 1. If loga = 0, then |oj(c)| = 1, |7j(c)| = 1 for all j. This means
that

IZ(e)]| < Vd,

and L(Ok) is a lattice, so it has a finite intersection with B(0,v/d) = {v € R? | |Jv|| <
Vd}. Then |ker(log)| < oo. ker(log) is a group under -. So o € kerlog has finite, i.e.
o™ =1 for some n € Z~g. Thus a € W. O
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Lemma. Let A C V be an additive subgroup. Then A is a lattice if and only if
there is R € R such that A N B(x, R) is finite and non-empty for all x € V.

Proof. Omitted. O

Proof of Proposition 2. To prove Proposition 2, we need the following: Given z € R""*
with Zj x; = 0, we need to show that the set of units v € O that satisfy

[og(u) — x| < R

is finite and non-empty. For simplicity assume s = 0. The above inequality is equivalent
to

eBie R < loj(u)] < €% - el
for all 7. Finiteness follows from ¥(Ok) being a lattice.
Non-empty is more difficult. Observe: enough to show Ju € O with
05(w)] < Coe®. (+)

This is because: |N(u)| =1, so
—1

[Tlojw=1 = |oj)]| = | [] lor(w) > O e ™ = O e
k#j

By Minkowski’s theorem applied to the lattice ¥(Of) and the convex set
{v:|v;] < Coe™}

gives a € O that satisfies (?7?) provided Cj is large enough. Now the problem is that
«a may not be a unit. However:

IN(a)] < C§ [ e = Cf

where Cg is some constant which depends only on K. There are only finitely many
principal ideals in O with norm < C¢. Fix a generator in each of them, say oy for the
generator of I. Let a € O that the argument gives, so it satifies (x) and |[N(a)| < C§.

Then (o) = (a(q)). Therefore o - a<_a1> € Ok. O
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Cyclotomic Fields

Notation. k € Zsg, then 6, = 227/%_ This is a primitive k-th root of unity.

Lemma. Fix p € Z a prime. Let K = Q(f,). Let W be the roots of unity in Ok.
Then
W={+0F:k=0,...,p—1}={65,: k=0,...,2p—1}.

Proof. Let t € Ry minimal with the property that e>™® € W. Recall that W is finite.
Recall that W is finite, so this minimum exists. Claim: if 2™ € W, then s/t € Z. If
not then e2™(s—(s/Ut ¢ 1/ This contradicts minimality. I know e2™/2P ¢ W. So t = k%p
for some k € Z~y. 0

TODO

p € Z>3 a prime, 0, = e2mi/r | K = Q(6p). Vi,j € Z with I # j (mod p), there exists
u;,; € Z[0,p)* such that p = u; ;(1 — 6,)P~ L.

Proof of Ok = Z[#,]. We made an indirect assumption, and we want to get a contradic-
tion. We found 8 € Ok \ 2Z[6,] and v € Z[f)] and « € Z such that

(1-0p)8=0a+ (1- Op)-

We have p 1 a, for otherwise

a
B=1_ G, + 7
and if a = pa’, then
a a'u(1l — 6,)P~1
= 70,)].
10, =g, 0]

So (B € Z[f)y), which is not the case. This proves p { a. On the other hand,

a
1-0,

1 a p=l o gp—1
a<10p> B b

—_—
EOK GQ

=0—v¢€Ok.

Then
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hence )

€ Z,

a contradiction to p t a.

Proof of the claim that: (p) = PP~ for a prime P C Ok, and
P = (0 —67)

for any i,j € Z such that i # j (mod p).

Let P;; = (0% — 63), then (p) = P/ '. N({(p)) = p"~*, hence N(P;;) = p. So P;; must be
a prime ideal. By uniqueness of factorisation, F;; does not depend on ¢ and j.

Definition (Regular prime). A prime p € Z is regular if p { h(Q(6,)).

Theorem (Regular Fermat’s Last Theorem). Let p > 5 ba a reqular prime. Then
there are no solutions of
aP 4 yP = 2P

with z,y, z € Z. such that p t zyz (the case p{ zyz is known as “Case I”).

Proposition. Assume that x,y, z is a solution of 2P+yP = zP and assume ged(z, y, z) =
1 and p { zyz. Then
z + Opy = ua?

where u € O, and a € Ok.

Proof. Recall:
(x+y)x+6py) - (z+ Hg’ly) = 2P,

Claim: there is no prime Q C Ok such that Q | (z + 0Ly), (z + 0ly) for i £ j (mod p).
Suppose the contrary. Then

Q| Oy —0y), 0,z —0,7x).
Ply) P(z)

If Q = P, then P | (2)P, so P | (z), so z € PNZ = pZ, hence p | z, cotnradicting our
assumption of being in Case I. So @ # P. Then @ | (x), (y), so z,y € Q. We must have
ged(z,y) = 1, for any common prime factor would also divide z by 2P = aP 4+ P, and
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we assume ged(z,y,z) = 1. So we can find a,b € Z such that 1 = ax + by. Then 1 € Q,
which is not possible. So we have proved the claim (that there is no prime @ dividing
more than one of the ideals (x + 6%y)).

Then (x + 0,y) = IP for some ideal I C Ok (not necessarily prime). We assumed that
p1 h(K). Hence the only class in the class group whose p-th power is the unit element,
that is the class of principal ideals, is the unit element itself (the class of principal ideals).
We know that I? is principal because I” = (z + 6,y), so I must be principal too, and
the proposition follows. O

Proposition. Assume that z, y, z is a solution of 2P4+y? = zP and assume ged(z, y, 2).
Then we must have x =y (mod p).

Proof. Suppose that there is a solution z,y,z. We may assume ged(z,y,z) = 1 (by
dividing by any common factor). By a previous proposition, we get z = y (mod p).
Applying it to 2P — 2P = yP, we get x = —z (mod p). Then

P +yP — 2P =327 (mod p)

But the LHS is equal to 0, so p | 3zP, but p 1 3, because p > 5, and p t = because of Case
I. ]

TODO
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