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0 Introduction
Book recommendations:

e Algebra & Geometry, Alan Beardon

Notation. V denotes “for all”; 9 denotes “there exists”; = denotes “implies”; .".
denotes “therefore”; Xk denotes “contradiction”; and Z, N, Q, R and C denote the
integers, naturals, rationals, reals and complex numbers respectively.



1 Basic Definitions and Examples

XxX — X.

Definition 1 (Binary Operation). A binary operation % on a set X is a way of
combining 2 elements of X to unambiguously give another element of X, i.e. * :

is a group if the following 4 axioms hold:
(i) z,ye G = zxy € G (closure)
(ii) 3 an element e € G satisfying
Txe=T=exT Ve e G
(existence of an identity)
(iii) for every z € G there is a y € G such that
TrxYy=€e=y*x
(existence of inverses)

(iv) for every z,y,z € G we have:

rzx(yxz)=(r*xy)*z

(associative law)

Definition 2 (Group). If G is a set and * is a binary operation on G, then (G, )

~

[ Remark. We can prove that G has only one identity.

[ Remark. As a result, we can also prove that every element has only one inverse.

Both of these claims are proved in Lemma 1.
1.1 Examples of Groups

(1) (Zv +)a €= 07 x_l = —T.

(2) (@ +), (R, +)

(3) (Z,—) is not a group because associativity fails.




4) (Z, %) is not a group because no inverses.

(
5) (Q, x) is not a group because 0! does not exist.
(

Q\ {0}, %)

7) ({£1}, %)
We can write a multiplication table:

(4)
()
(6)
(7)

note that closure holds, e = 1 and (—1)"! = —1.

(8) ({07 1, 2}7 +3)

o = o| F
I\DHOZ
O N =
= O NN

and we have e = 0 and 171 = 2.

(9) ({e,a,b,c},x*)

o Qe O *
O R |0
S0 o 9
L 0O O o>
O QOO0

(10) “groups are abstractions of symmetries”: rotations and reflections of an equilateral
triangle are another example of a group.

A C B
B C A B C A
e g 0'2
A B C
CA B AAC B A
T TOoO 2

TOO



This forms a group where the binary operator is “do one then the next”

(11) M3(R) = {2 x 2 matrices with entries in R}

a b
—[(C d>.a,b,c,d€R]
under addition is a group:

a b a B\ _ (at+a b+p
(c d>+ v 6) " \etny d+o

(12) GL2(R) = {invertible 2 x 2 matrices with entries in R} under multiplication is a

group.

Lemma 1. Let (G, %) be a group. Then
1. The identity element is unique.

2. Inverses are unique.

Proof. (i): Suppose e and €’ are both identities, so
axe=a=exaq and axe =a=¢€=xa Va € G.
In particular

so e = €/, so the identity must be unique.
Proof. (ii): Suppose both y and z are inverses for x, so

TxYy=€e=7yY=*x, and THxzZ=€e=2z%T x €.
Then
y=yx*xe
=yx*(z*2z)
=(y*x)*z
=ex*z
=2z
S0y = z.

O]

Remark (Unnesessary brackets). Since the definition of a group involves associa-

tivity, we can omit brackets, i.e. x %y * z is unambiguous.




Remark (Omitting *). We often omit “4” and write xy := = * y and also write
G = (G, *). (This is only done when the binary operator can be easily inferred).

Remark (Inverse of product). (zy)~! =y~ 'z~ This follows immediately by the

uniqueness, as it is easy to verify that this is a possible inverse:

(ry)y et =a(yy Nz =27 =

Remark (Inverse of inverse). (z71)~! = .

Remark (Coset stuff). If zy = zz then y = z; this easily follows from the existence
of inverses.

Definition 3 (Abelian Groups). A group G is abelian (or commutative) if xy = yx
for all z,y € G.

Remark. Note all our examples above are abelian except (10) and (12). (Symme-
tries of the triangle, and the general linear group).

Definition 4 (Order of a group). Let G be a group. If the number of elements in
the set G is finite, then G is called a finite group. Otherwise G is called an infinite
group. If G is a finite group, denote the number of elements in the set G by |G| and
we call this the order of the group.

Definition 5 (Subgroups). Let (G, *) be a group and H a subset of G (H C G i.e.
he€ H = h € G). Then (H,*) is a subgroup of (G, *) if (H,*) is a group (with
the same operation) i.e. if

(a) h,k€e H = hxke H.
(b) eq € H
(c) he H = h™leH.

(Note associativity is inherited).
i.e. “restricting operation to H still gives a group”. We write H < G.




Examples
(Z,+) <(Q,+) < (R, +)
({£1}, x) < (@\ {0}, x).

In example (10) (symmetries of a triangle), the rotational symmetries form a sub-
group (elements {e, o, o%}).

In example (12) (general linear group), we have that

SLo(R) = {A € GLy(R) : det A — 1}
< GL2(R)

(SLy and GL2 denote the special linear and general linear groups respectively).

G a group then {e} < G is the trivial subgroup. G < G is the improper subgroup.

The subgroups of (Z,+) are exactly

nZ = {nk : k € Z}, n € Z>o.
Proof. First note nZ is a sub group of Z.
0enz

If a,b € nZ, then let a = na’, b = nb’. Then we have

a+b=nd +nb =n(ad +b)enZ

— —a=n(-d)en’
— Associativity is inherited.

Conversely assume that H < Z. If H = {0} = 0Z which is of the form we claimed.
Otherwise choose 0 < n € H with n minimal. (Such an n must exist because
H must contain either a negative or positive integer, but since inverses exist this
implies that there must be a positive element). Then nZ < H by closure and
inverses. Now we show that H = nZ. Suppose 3h € H \ nZ, then we can write
h = nk+ h' with b’ € {1,2,...,n —1}. But b’ = h — nk € H, contradicting
minimality of n. Thus H = nZ. O

Definitions for Functions

N
Definition 6 (Functions). F' is a function between sets A and B if it assigns each
element of A a unique element of B

f:A—B a— f(a)

For example: f:Z — Z, x— x+ 1 and gZ — Z, x > 2.




Definition 7 (Composition of functions). Suppose g : A — B and f : B — C.
Define fog: A— C by
a— (fog)(a) = f(g(a)).

For example (fog)(x) =2x+1 and (go f)(z) = 2z + 2 using the example functions
above.

~

Suppose f1: A— B, fo: A— B. Then f; = f5 if and only if fi(a) = f2(a)Va € A.

Definition 8 (Bijection). f : A — B is a bijection if it defines a pairing between
elements of A and elements of B. That is, given b € B there exists a unique a € A
such that f(a) = b. For example f : Z — Z, x — x + 1. Given a bijective function
f, we can define

ffl:B> A b—a where f(a) = b.

Then fo f~! =idg and f~'o f =ids. (idg(b) = b, ida(a) = a)

~

Lemma 2 (Composition of bijections). If g: A — B and f : B — C are bijections
then sois fog: A — C.

Proof. In Numbers & Sets.

d

Definition 9 (Homomorphism). Let (G,*g) and (H,*p) be groups. Then the
function

0:G— H

is a homomorphism if

O(z xcy) = 0(x) xg 0(y) Ve, y e G

“a map which respects the group operation”.

~




Example. Let G = ({0,1,2,3},+4) and H = ({1,e™/2,e™ ¢37/2} x). Then the
function ‘
0:G—H 7 1= @

is a homomorphism. This is because

H(n Ly m) _ e(n+4m)7ri/2

— a2 since n +m =mn+4m+ 4n

_ 6n71'i/2 mmi/2

X e

=0(n) x 6(m)

Lemma 3. Let G and H be groups and 6 : G — H be a homomorphism. Then

0(G) ={0(g) : g € G},

the tmage of 0 is a subgroup of H, written 6(G) < H.

Proof. We need to prove closure, ...

e To prove closure, let z,y be elements of §(G). Then x = 0(g) and y = 6(h) for
some h,g € G. Then:

xxpy = 0(g) = 0(h)
=0(g*g h)
€ 0(G)

e To show that we have an identity, note that

O(eq) = 0(eq *¢ eq)
=0(eq) *xm 0(eq)

and if we premultiply by 6(eg)~! € H then we get

eg =0(eq) € 0(G)

e To get inverses, let x = 0(g) € 6(G). Then



And since inverses are unique we get

e And finally associativity is just inherited.

O]

Definition 10 (Isomorphism). A bijective homomorphism is called an isomorphism
if G and H are groups and 6 : G — H is a homomorphism. We say G and H are
isomorphic and write G = H.

Example. Let G = ({0,1,2,3}, +4) and H = ({1,¢e"™/2,¢'™,¢%7/2 x). Then G =
H, which can be shown by considering

0:G— H

n eiﬂ'n/?

(0 is an isomorphism.)

Isomorphism means roughly “They are essentially the same”

Lemma 4.

(i) The composition of two homomorphisms is a homomorphism. Similarly for
isomorphisms, thus if G; =2 G5 and G9 = G3, then G1 = Gs.

(i) If 6 : G1 — Ga then so is its inverse §71 : Go — G1. So G1 = Gy = Gy
G1.

Proof.

(i) Suppose
91 : (G17*1) — (GQ,*Q)

92 : (G27 *2) — (G3a *3)

are homomorphisms. Then 65 o 61 is a function from G7 to G3, we need to check
its a homomorphism. Let z,y € G1. Then

02 0 01(x 1 y) = O02(01(x) *2 01(y))
= 62(01(x)) *3 02(61(v))
= (02 001)(x) *3 (02 001)(y)

10



(ii) @ is a bijection so 1 exists. We need to show it is a homomorphsim.
Let y, z € G9. Then dx, k € G such that

0~ (y) = =, 0 1(2) = k.
Note
O(x *1 k) = 0(x) 9 0(k)
:y*gz:>0*1(y*gz) =xx* k
=07 (y) x1 67 (2)

Notation. If z € (G, *), n € Z then

TkT k- kT n >0
" = € n =
Y ! n<o0
Vv
(—=n)

~

Definition 11 (Cyclic Groups). A group H is cyclic if 3h € H such that each
element of H is a power of h, i.e. for each x € Hdn € Z such that £ = h™. Then h
is called a generator of H and we write H = (h).

Example. o (Z,+) = (1) = (—1) is the infinite cyclic group. We showed all
subgroups of (Z, +) are cyclic.

o ({1}, %) = (1)
o ({O’ 17273}7 +4) = <1> = <3>

Note that a cyclic group is always abelian.

<
Definition 12 (Orders). Let G be a group and g € G. The order of g written o(g),
is the least positive integer n such that ¢" = e, if it exists. Otherwise g has infinite
order.

Lemma 5. Suppose G is a group, g € G and o(g) = m. Let n € Nyy. Then

g"=e <= m|n.

11



Proof. (<) Suppose m | n, then n = gm for some ¢ € N. This implies that
g"=9"=(g")=e"=ec

( = ) Suppose g" = e. Then we can write n = gm + r with 0 < r < m, with ¢ € N.
Then

e = gn — gqm-H“

=(g™)g"

prd qu’l"

= egT
T

=g

This implies » = 0 by minimality of m, hence n = ¢m as required. O

Remarks

(1) Suppose g € Gy Then {¢" : n € Z} is a subgroup of G, in fact it is the smallest
subgroup of G containing g. We call it the subgroup of G generated by g and write

(9) ={g" :n e Z}.

Also |(g)| = o(g) if finite, since if o(g) = m then

2 m—1
- 67 b PR
(9) ={e, 9,9 g }

—g—1
Otherwise both are infinite.

(2) We can define the abstract cyclic group of order n

Then
({0,1,...,n—1},+,) and ({n*" roots of unity}, x)

are realisations of this group, and they are all isomorphic.

(3) Let G beagroup and g, ..., gk € G. Then the subgroup of G generated by g1, ..., gk
denoted by (g1, ..., gx) is the smallest subgroup of G containing all the g;. It is the
intersection of all the subgroups of GG containing all the g;.

12



2 The Dihedral and Symmetric Groups
First note composition of functions is associative:
f9,h: X = X, reX

Then

oh)(x) = fo(goh) = (fog)oh

2.1 Dihedral Groups
Let P be a regular polygon with n sides and V' its set of vertices. We can assume
V = {e¥*/" .0 < k < n}

n-th roots of unity in C. Then the symmetries of P are the isometries (i.e. distance
preserving maps of C that map V to V.

We will show that for n > 3 the set of symmetries of P, under composition form a
nonabelian group of order 2n. This group is called the dihedral group of order 2n and
denoted by Ds,,.

[ Notation. Sometimes Dy, is denoted D,,. }

We have already met Dg in example 10.

Consider Dg

1 2 4 1 3 4 2 3
A m A~
4 € 3 3 T 2 2 r2 1 1 e 4
2 : 1 4 3 1 4 3 2
| AN s
| N 7
| AN , ’
| i L N\ N 7
| 7
| A N , 4
| N N V2
| N /7
3 tr? 4 1 t 2 2 tr 3 4 tr3 1

13



Letr: P—> P
2 s 2T,

t:p— P
2=z
These are both isometries.
27rz'/nZ - e27ri/n

r(2) = r(w)] = le w|

= [e¥7 |z —

= |z —w|

t(2) — t(w)]* = |z — w0
=(Z-w)(z —w)
=z — w|2

= [t(2) = t(w)| = |z — w|

Note, " = id = identity

and also
?=id = t=t""

tr(z) = e 2mi/ny = r1t(2)
— tr=r"Y

We show that the symmetries of P is

{e=id,r, 7, ..., r" Lt rt,. .., r" )

rotations reflections

Then this set under composition of functions gives the group Day,.

Let f be a symmetry of P. Then f(1) = 2™*/™ for some k.

— 7k of(l) =1.
So, g(e?™/™) = e2m/n or =2/ If g(e?™H™ = €2™/™ then g fixes 1 and e*™/" Also g
interchanges vertices of P so fixes P’s centre of mass

1
= e
0

3
|

1 2mik/n _ 0
" .

e
Il

14



So ¢ fixes 0, 1 and €27/
g=id = f=rF.

If g(eQﬂ/”) — e 2m/7 then

tog(eQﬂ'i/n — 2mi/n
tog(l)=1
tog(0)=0
= tog=id
tor %o f=id
— f=rFot!
=rFot

Algebraically we write,

Dy={( rt |r=et?=ctrt=r"1)
—~—

generators relations

Finally, Dy = Cy and Dy = 7Z/27 x Z/2Z are the only abelian dihedral groups. Also
note that D, exists.

2.2 Symmetric Groups

Let X be a set. A bijection
f: X=X

is called a permutation of X. Let Sym(X) denote the set of all permutations of X.

Proposition 1. Sym(X) is a group under composition of functions. It is called the
symmetric group on X.

Proof.

e Closure - follows from a lemma in Numbers & Sets
e identity, define ¢(x) =z Ve e X

e Let f € Sym(X). As f is a bijection, f~! exists and is a bijection and satisfies
foflt=c=flof

e composition of functions is associative as shown earlier

15



Notation (Symmetric Groups). Suppose X is finite and X = |n|. Then we often
take X to be the set {1,2,...,n} and we write S, for Sym(X). We call S,, the

symmetric group of degree n.

We’ll use double row notation (for now).

If 0 € 5, write

For example

and
1 2 3 4 5 cs
2 31 45 °
Composition:
(1 2 3>O<1 2 3>_“ .5 ,,_(1 2 3)
2 3 1 2 1 3 3 9 1 3 2 1
or
Small n

1= {G) - {c}} trivial group
; )G f)g({il},x)%@}.
GGG 6T D)

16



Remarks

(i) |Sn| = n! because number of choices for o(1) is n, number of choices for o(2) is

n—1...

(ii) For n >3, S, is not abelian. Consider

(iii) Dsy, naturally embeds in S,. For example Dg < Sy

(12 3 4 ,_ (1234
"=\2 3 41 “\4 3 21

“Double row notation is cumbersome and hides what’s going on. We introduce cycle

notation.”

New Notation

Definition 13. Let ay,...,a; be distinct integers in {1,...,n}. Suppose o € S,

~

and
(@) aij+1 if there exists ¢ such that a; = a (taken modulo k).
o(a) =
a otherwise
Then o is a k-angle and we write o = (ay, ag, ...,ax). For example
1 2 3
o=(1,2,3) = <2 3 1>
Remarks

(i)
(a1,a2,...,ar) = (ag, a1,a2,...,a5_1) = -

We usually write the smallest a; first.

(i)

(a1,az,...,a;) " = (a1, ap, ax_1,...,a2

(iii) o(o) = k, o is like rotations of k points

17



ak a2
/ \
i \
| | o
| [
\ !
\ /
\ /
\ /
(iv) a 2-cycle is called a transposition.
Definition 14. Two cycles o(aq, ..., ax) and 7 = (b, ..., by) are disjoint if {a, ..., ax}

{bla---,bl}:@-

Lemma 6. If g,7 € S,, are disjoint then

oT =TO (coT=71o00).

Proof. If x € {1,...,n}\ {a1,...,ap} U{b1,...,b;}, then

(coT)(x) =0(r(x)) =2 = (T00)(x)
For 1 <4<k —1 we have
(o o7)(a;) = o(r(a:))

= o(a;)

= Qj+1

(1 o0)(ai) = 7(o(ai))

r
T(aip1) = aiy1

And o o 7(ag) = a1 and a7 o o(ax) = a;. The same argument works for the b;. Thus
o o7 and 7 o o agree everywhere which implies that c o7 =70 0. O

Example.
(12)(345)=(345)(12)

However this is not necessarily true if two cycles are disjoint.

18



Example. Consider ¢ = (1 2 3) and 7 = (2 4). Then we have

cot(l)=0(1)=2
coT(2)=0(4) =4
coT(3)=0(2)=1
coT(4)=0(3)=3
Hence cor=(1243)but Too = (142 3).
Example. (123)(23)=(12)3)=(12)

but
(23)(123)=(13)

Notation. When using cycle notation, we often suppress 1-cycles.

Theorem 1. Every permutation can be written as a product of disjoint cycles (in
an essentially unique way).

Example.
(1234567809
\2 4576319 8
=(1247)(356)(89)
Proof. Let a; € {1,2,...,n} = X. Consider a1, o(a1), 0%(a1), . ... Since X is finite there
exists a minimal j such that 07 (a1) € {a1,0(a1),...,07 " (a1)}. We claim: ¢7(a1) = a1

since if not we can assume A A
o’(a1) = o' (a;)

where j > ¢ > 1. Then this implies
Ujfi(al) =a

which contradicts the minimality of j. So, (a1,0(a1),...,0771(a;1)) is a cycle in o. If
there exists b € X \ {a1,0(a1),...,0771(ay)} consider b,o(b),.... Now we can note
that (b, a(b),...,o" (b)) is disjoint from (a1,0(a1),...,09 1 (ay)) since o is a bijection.
Continue in this way until all elements of X are reached. O

19



Lemma 7. Let o, 7 be disjoint cycles in S,,. Then

o(o1) =lem{o(o),0(7)}.

Proof. Let lem{o(c),0(7)} so o(o) | k and o(7) | k. Then

(O'T)k =0T0T -+ 0T
_ hk
= ee
=e
= o(o7) | k
Now suppose o(o7) = n. Then
(o) =e
= o"7"
=e
But o, 7 move different elements of X which implies that we must have ¢™ = e and
o™ = e, which implies that o(¢) | n and o(7) | n which implies that k | n, and hence

o(o1) =lem{o(o),o(7)}
as desired. O

Proposition 2. Any o € S, (with n > 2) can be written as a product of transpo-
sitions.

Proof. By the previous theorem it is sufficient to show that a k-cycle can be written as
a product of transpositions. We can do this directly:

(a1, az, ..., ag) = (a1, a2)(az, az)---(ak—2, ar—1)(ak—1, a1)

Example.

(12345)=(12)(23)(34)(45) = (12)(12)(12)(23)(34)(45) = (15)(14)(13)(12).

Note that the representation as a product of transpositions is not unique.

Definition 15. Let 0 € S,, with (n > 2). Then the sign of o, written sgn(o) is
(—1)¥ where k is the number of transpositions in some expression of o as a product
of transpositions.

20



Lemma 8. The function sgn : S,, — {£1} defined by o — sgn(o) is well-defined.
ie. if

with 7; and 7] transpositions then

Proof. Let c(o) denote the number of cycles in a disjoint cycle decomposition of o
including 1-cycles, so ¢(id) = n. Let 7 be a transposition.

Claim.
clot)=c(oc)£1=c(o)+1 (mod 2)
Let 7 = (k, 1). 2 cases:
(i) k, [ in different cycles of o:
(kyar,...,ar)(l,b1,. .., bs)(k, 1) = (k,b1,bo, ... bs, 1 a1,... a;)
and hence c(o7) = ¢(0) — 1.
(ii) when k, [ in same cycle in o we have
(kyar,...,ap, by, .0 0s) (k1) = (k, by, ..., bs)(Lag, ..., ap)
= c(o71) =c(o) + 1.

Now assume

Then
clc)=n+a (mod 2)
=n+b (mod2)
= a=0b (mod2)

(-1

— (—1)°

21



Aside
Subgroup lattice of Dg = {e,r, 7% t,rt, r?t}:

Ds

<r> <t> <rt> <7t >

{e}

So we just connect subgroups with a line if one is a subgroup of another.

Theorem 2. Let n > 2. The map
sgn : (Sny0) = ({21}, x) o > sgn(0)

is a well-defined non-trivial homomorphism.

Proof.
o Well-defined as proven earlier.
e sgn ((12)) = —1, so non-trivial.

e Now we prove that it is a homomorphism:
Let a, B € S,, with sgn(a) = (—1)¥, sgn(3) = (—1)¥, so there exists transpositions
7; and 7/ such that

a=m--m B=1i---7

O]

Definition 16. o is an even permutation if sgn(o) =1 and an odd permutation if
sgn(o) = —1.

22



Corollary 1. The even permutations of S,, (n > 2) form a subgroup called the
alternating group and denoted A,,.

Proof.
e Identity: id = (1 2)(1 2) € A,,.
o sgn(o) = 1 = sgn(p)
— sgn(op) = sgn(0)sgn(p) = 1
by the previous theorem

o If

then

0‘71:7']{:7-1

— sgn(o) =sgn(oc )

e Associativity is inherited.

Exanic Ay ={e,(12)(34),(13)(24),(14)(23),
(123),(132),(124),(142),
(234),(243),(134),(143)}

Remarks

(i) |An] = @ = %‘ (exercise - see later)

(ii) cycles of even length are odd, and cycles of odd length are even.

(iii) A, = Ker(sgn), hence a subgroup. (question 9, sheet 1)

23



3 Cosets and Lagrange

Definition 17 (Cosets). Let H < G and g € G. The left coset gH is defined to be
{gh:he€ H}.

Similarly the right coset is given by

Hg={hg:he H}.

Example.
Sy ={e,(123),(132),(12),(13),(23)}.

H=1{id,(123),(132)} = 4s.
(12)H = {(12),(12)(123),(12)(13 2)} = {(12),(23), (1 3)}
(123)H=H
Note, HU(1 2)H = Ss.

Notation. We sometimes use U instead of U if we wish to emphasise that we have
a disjoint union.

Lemma 9. Let H < G and g € G. Then there is a bijection between H and gH.
In particular if H is finite then
|H| = |gH].

Proof. Define
0y: H— gH h — gh

We show 0, is a bijection.
surj: If gh € gH then 6,(h) = gh.
inj: If
0g(h1) = 6,4(h2)

= gh1 = gha
— hi1 = hy

24



Lemma 10. The left cosets of H in G form a partition called of G i.e.
(i) each g € G lies in some left coset of H in G.

(ii) if aH NbH # () for some a,b € G then aH = bH.

H=eH| g1H g2 H gr—1H

Proof.

(i) g € gH.

(ii) Suppose ¢ € aH UbH. Then we claim that aH = cH = bH. Now ¢ € aH so ¢ = ak
for some k € H

= cH ={ch:he H}
= {akh:he H} CaH

Similarly, a = ck~! € cH
— aH CcH

So aH = cH. Similarly cH = bH.

For example S,, = A,U(1 2)A,. dJ

Lemma 11. Let H <G, a,b € G. Then

aH=bH < a 'be H.

(=) bebH =aH
= b=ah for some h € H

= a'b=heH
(<) Suppose a~ b=k € H.
— b=akcaH

also b € bH,
— aH =bH by earlier lemma
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Theorem 3 (Lagrange’s Theorem). Let H be a subgroup of the finite group G.
Then the order of H divides the order of G (i.e. |H| ’ |G]).

Proof. By Lemma 10 G is partitioned into distinct cosets of H, say

G= ngUQQHL.J' . -ngH

(g1 = e say)
By Lemma 9
gH|=|H 1<i<k
= |G| = |HIk
so the order of H divides the order of G. O

~

Definition 18 (14). Let H < G. The index of H in G is the number of left cosets
of H in G, denoted |G : H|.

-

( N
Remark. (i) If G is finite, |G : H| = % But can have |G : H| finite but G and
H both infinite.

(ii) We write (G : H) for the set of left cosets of H in G.

Corollary 2 (Lagrange’s Corollary). Let G be a finite group and g an element of
G. Then o(g) ’ |G|. In particular, ¢/¢l = e.

Proof. Note
(9) ={e,g,.., 9"}

where o(g) = n. Then

o(g) = {9 |G|
by Lagrange’s Theorem
— g%l =e.
O
Corollary 3. If |G| = p for some prime p, then G is cyclic. }
Proof. Let e # g. Then
{e} # (9 <G
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BY Lagrange

1# {9 |G| = p.
= 9l =p=1G|
= (9) =G|
i.e. G is cyclic. O

Definition 19 (Euler Totient Function). Let n € N then we define
p(n) =1 <a<n:(an) =1}

so for example ¢(12) = [{1,5,7,11}| = 4.

Theorem 4 (Fermat-Euler Theorem). Let n € N, a € Z with (a,n) = 1. Then

a?™ =1 (mod n).

Fermat’s Little Theorem is a special case:
P prime, a € Z, (a,p) = 1, then

a?'=1 (mod p).

We prove Fermat-Euler Theorem by using Lagrange, first we need to set it up. Let
n €N,
R, ={0,1,...,n—1}

R ={a€R,:(a,n)=1}.
Define x, to be multiplication modulo n.
Claim. (R}, x,) is a group.
Notation, u € Z then u € R,, such that u = u (mod n). Closure:
(a,n)=1=(b,n) = (abn) =1 = (ab,n) =1

Identity is 1, and clearly associative.
Inverses: Let a € R}, with (a,n) = 1.

= du,v € Z
such that au + vn =1 (Bezout’s Theorem)
= au=1 (modn)

Then u € R} is a™ L.

27



Now we can prove Fermat Euler Theorem:
Proof. Note |R}| = ¢(n)
a=a (modn) a€R;

By Corollary 2

28



4 Normal Subgroups, Quotient Groups and Homomorphisms

Given a group G, subgroup H of G and the set of left cosets of H in G, (G : H), we
would like to define a group operation on the cosets, o, so that ((G : H),o) is a group.
We would like

(9H) o (kH) = gkH.

When does this work?
gHkH = gkHH = gkH <— kH = Hk

This motivates the following definition:

Definition 20 (15). A subgroup K of G is called normal if gK = Kg for all g € G.
We write K < G.

Example.
K ={id,(123),(132)} < Ss.
(12)K={(12),(23),(13)} =K(12)
(13)K = K(13)
(2 3)K = K(2 3)
And (12 3)K =K = K(123) etc. But H ={1,(1 2)} is not normal in Ss:

(13)H ={(13),(123)}

H(13)={(12),(132)}.

Proposition 3 (4). Let K < G. TFAE (the following are equivalent):
(i) gK = KgVg € G
(i) gKg ' =K Vg€ G

(iii) gkg ' €e KVk e K,g € G.

Proof. (i) = (ii):
gKg ' ={gkg™' 1 k€ K}
= (gK)g!

= (Kg)g*
_K
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(i) = (iii): trivial.
(ii) = (i): For any k € K, g € G, there exists k' € K such that
gkg ™t =K
— gk=Fkgec Kg
— gK C Kg
Similarly g~ 'kg = k” for some k" € K

— kg = gk”
= Kg CygK
— gK = Kg.

Examples
o {¢} <G, GJQG.

e If G is abelian then all subgroups are normal. Since if k € K, g € G, K < G

follows from
gkg ' =g¢ 'k =k e K.

e Kernels of homomorphisms are normal subgroups (Sheet 1, question 9).
since A, = Ker(sgn).

e Dy, = (r,y:r" =1=1t%trt = r=1) Then (r) < Dy,. Clearly ririr=t =1J € (r).
Also

(r't)rd (rit) =t = ritrdtr !
=rt—j—i=r7e(r)

Or we can use the following lemma.

Lemma 12. If K < G and the index of K in G is 2, then K < G.

Proof.

G = KUgK
= KUKg
— gK=KgVgeG
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Theorem 5. If K < G, the set (G : K) of left cosets of K in G is a group under
coset multiplication, i.e.

gK - hK = ghK

This group is called the quotient group (or factor group of G by K and denoted
G/K.

Proof. We need to check that cost multiplication is well-defined, i.e. if

gK = gK
and X
hK = hK
then X
ghK = ghK.
By Lemma 11,
gK =K = §lge K
WK =hK — h'he K
Now g lge K
— hlglghe K
since K 4 G.

— h'hhlgTlgh e K
— h g lghe K
— ghK = ghK
by Lemma 11. So coset multiplication is well-defined. Group axioms now follow easily:

e By construction coset multiplication is closed as ghK € (G : H) g1h € G.
e identity given by eK = K
o (gK) ' =g 'K.
e agssociativity holds since it does in G, to check:

(gKhK)IK = (gh)IK
=g(hl)K
= gk(HEKIK)
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Examples
(i) Su/An = ({An, (1 2)A,},0) = Cs.
(ii) Dg = {(a,b: a*=1=1b2 bab = a_1< Let K — {1’(12}‘

Claim. K < Dg.

(a'b)a?(a’b)~! = a'ba’ba™
=al=d’eK

da’a ' =d’ e K

|Dg|

=4=|(Dg: K)|
K|
4 distinct left cosets:
K =1{1,a*}
aK = {a,a’}

bK = {b,ba*} = {b,a*b}
abK = {ab, aba®} = {ab, a®b}

o | K aK WK abK

K K aK bK abK
aK | aK K abK K
bK | bK abK K aK
abK | abK bK  aK K

Note: aKaK = a?K = K = example 9.
(iii) Recall the subgroups of (Z,+) are precisely the groups (nZ,+) where n € N,
nZ = {nk : k € Z}.

Since (Z,+) abelian, all subgroups are normal, nZ < Z. Suppose n = 5, cosets
given by,

5Z = {5k : k € Z}
1452 ={1+5k:keZ}
24 5Z={2+5k:keZ}
3+5Z={3+5k:keZ}
A4+5Z={4+5k:kel}
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(1+5Z) + (24 5Z) = 3 + 5Z.
(34 5Z) + (4+5Z) =7+ 5% =2+ 5.
(Z/5Z,0) = ({0,1,2,3,4}, +5)
n+5Z —mn  such that n=mn (mod5)
n €{0,1,2,3,4}. Well-defined map:
if n +5Z = m + 5Z then
—m+n € 5Z
— —-m+n=0 (mod5)
= n=m (mod )
= n=m

homomorphism:

+
=T 45
=0(n+5Z) + 6(m + 57)

In general
(Z/nZ,%) = ({0,1,2,3,4}, +»).

Recall 8 : G — H is a homomorphism if
0(xy) = 0(z)0(y)
Im(0) ={0(9): g€ G} <H
Ker() ={geG:0g=en} <G

Theorem 6 (First Isomorphism Theorem). Let G, H be groups and 6 : G — H be
a group homomorphism. Then Im(6) < H and Ker(f) < G and G/Ker(0) = Im(6).

Definition 21 (16). A group is called simple if its only normal subgroups are {e}
and G. For example C), for some prime p.

Definition (Injection). Suppose f : A — B. Then f is injective if for any aq,as €
A, if f(a1) = f(az2) then a; = as. (each element of A maps to a different element of
B).
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Definition (Surjection). Suppose f : A — B. Then f is surjective if given b € B,
Jda € A such that f(a) =b. (every element in B is ‘hit’).

Definition 22 (Bijection). A function is bijective if it is both injective and surjec-
tive.

Now we can prove the first isomorphism theorem.
Proof. Need to construct an isomorphism 6 : G/Kerf — Imf where gK — 6(g). Let
K = Ker#; need 0 well-defined:
Suppose gK = hK, then

hlge K
— O(h'g) = ey
— 0(h)"'0(g9) = en since 6 is a homomorphism
= 0(g) = 0(h)
= 0(gK) =0(hK)

0 surjective:

f injective:
Suppose 0(gK) = 6(hK) then

0(g) = 6(h)

= 0(h)"'0(g) = en
O(h~lg) = ey
— hilgeK

— gK =hK
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Examples
(i) sgn: S, — ({£1}, x) with o — sgn(o). Then
Im(sgn) = ({£1}, x)
Ker(sgn) = A,
o S/An = ({1}, %) 2 Oy
= [An| = |Sh|/2

(i) 0 : (R,+) — (C\ {0}, x) defined by r — *™". Note, 0(r + s) = 0(r)0(s). Also,
Im(0) =S5 ={2€Z:|z|=1} unit circle
Ker(0) = (Z,+) < (R, +)
R, +)/(Z,4) = 5
(iii) Recall
GL2(R) = {2 x 2 matrices, entries in R, det # 0}

Then we observe that det : GLa(R) — (R \ {0}, x), M ~ det(M) is a homomor-
phism since

det(AB) = det(A) det(B).
Im(det) = (R \ {0}, x)

since
a 0 -+ 0
01 --- 0
det | . . _ =a € R\ {0}
o0 --- 1

Ker(det) = SLa(R)
= {2 x 2 matrices, entries in R, det = 1.}
— SL2(R) < GLy(R)

and GLa(R)/SLa(R) = (R \ {0}, ).
(iv) 0:(Z,+) — ({0,1,...,n — 1}, 4+,,) with n — n.
Kerf = nZ

( )
Remark. Let K < G. Then K is the kernel of the natural surjective homomorphism

0:G— G/K
g gk

Thus homomorphic images of G are equivalent to quotients of G.
N\ J
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Lemma 13. A homomorphism 6 : G — H is injective if and only if Kerf = {ex}.

Proof.
(=) Suppose 0(g) = ey = 0(eq). Injective implies that g = eq.

(<) 0(g) = 0(h)
— 0(h)"0(g) = en
— O(h'g) =en

— h7lg € Ker 0 = {eg}
— h7lg=eq

Recall, N 4G, g € G, n € N implies

gng te N
gng t=1n for some n € N
=gn=ng

Lemma 14. (i) Let N <G and H < G. Then NH = {nh:ne N,he H} <G.

(ii) Let N <G, M < G, then
NM <4 G.

Proof.
(i) closure, nh, nh € NH, then
n hn h =nnhh € NH
nh
identity: id =e=ee € NH
inverse:
(nh)™t =h1n™t
=nh! for some n € N.
€ NH

(ii) check normality
g(nm)g™! = gng~ gmg~' € NM
—— —_—
eEN eM
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5 Direct products and Small Groups

5.1 Direct Products
Let H and K be groups. We construct the (external) direct product, H x K, to be the

set
{(h,k):he H ke K}
with operation

(h1,k1) * (ho, k2) = (h1 *p ha, k1 *k k2) = (h1hg, k1k2)

i.e. componentwise multiplication.
Then (H x K, x) is a group, which can verify easily as follows:

closure H group implies h1ho € H and K group implies k1ks € K.
identity (em,ex)
inverse (h,k)~! = (h71 k1)

associativity since group operations in both H and K are associative.

Remarks
(i) If H, K both finite, then |H x K| = |H||K].
(ii) H x K abelian if and only if

(h1, k1) * (he, k) = (ha, ko) * (h1,k1) Yhi,ho € H, k1, ke € K
< (hth, /ﬁk‘Q) = (thl, kgk‘l)

<= hphy = hahs and kiko = koky
<= H abelian and K abelian

(i) H={(h,ex):he H} <H x kand K = {(ey,k): ke K} <H x K.

Examples
(i)
Cy x Cy = (x) x (y)
= {e,a} x {e, 4}
elements (e, e), (z,€), (e,y), (x,y).

o |(ee) (we) (ey) (z,y)
(e;e) | (e;e) (z,e) (ey) (z,9)
(z,€) | (z.e) (e,€) (z,y) ()
(e;9) | (e;y) (2,9) (e;e) (we)
(@,y) | (xy) (e,y) (ze) (ee)
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Klein 4-group = example 9. Note o((z,¢e)) = o(e,y)) = o(x,y)) = 2. So Cy x Cy 2
Cy.

(ii) However, Cy x C3 = Cg. (sheet 2, question 10)

Lemma 15. Let (h,k) € H x K where H, K groups. Then

o((h,k)) = lem(o(h), o(k))

Proof. Let n = o((h,k)) and m = lem(o(h),o(k)). Then A™ = ey, k™ = ex. So
(h, k)™ = (h™, k™) = (en, ex) and hence n | m by Lemma 5. Also,

(€H7 61() = (h’ k)n
= o(h) | no(k) | n
= m|n

Thus we know when C),, x Cp, = Cypy, (Sheet 2, q10). a

Recognising when a group can be written as a direct product of subgroups is trickier.

Proposition 4 (5). Let G be a group with subgroups H and K, then if
(i) each element of G can be written as hk for h € H and k € K;

(i) HNK = {e};

(iii) hk =kh Yh € H,k € K,

Then G = H x K and we call G the (internal) direct product of H and K.

Proof. Let 0 : H x K — G defined by (h, k) — hk. First we check that 6 is a homomor-
phism:
O((h1,k1)(h2, ko)) = 0((h1ha, k1ks))
= hihgkiks
= hikihoko
= 0((h1,k1))0((h1, k2))

To check that 6 is injective,
0((h1, k1)) = 0((h2,k2))
— hiky = hoks
— h'hy =kek;' € HNK = {e}
— hl = hg and k‘l = k‘Q
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50 (h1, k1) = (he, k2). 6 is surjective by (i), so € is an isomorphism as required. O

e )
Remark. There are alternative equivalent definitions of internal direct product. G

is the internal direct product of subgroups H and K if
(i) H<G, K 4G,
(i) HN K = {e};

(i) HK = G.

- J

Need to show (i), (ii), (iii) are equivalent to (i)’, (ii)’, (iii)’.
(=) weshow K Q4 G. Let k € K, g = hik; € G by (i). Then
gkg™' = hikikk7 T =k =k € K
Similarly H < G.
(<) Need to show (iii). Let h € H, k € K and consider

h 'k 'hke H  since H<G.
cH

Similarly, this expression is in K, so

Rk thk € HN K = {e}
— hk =kh

Example. G = (a) = C5. Then

C5%(a3):H§lG
C3= (@) =K<JG
HNK = {a®)n{a®) = {e}

ak _ (a3)2k(a5 —k c HK

5.2 Small Groups

Recall Dy, the symmetries of a regular n-gon, generated by
Pz e 2Ty

t:z+— 2
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Then the elements of Dy, are

{e,ry...,r"Ltrt, o et

~
rotations reflection

Now suppose G a group, n > 3 with |G| = 2n, and 3b € G with o(b) = n and a € G,
o(a) = 2 and aba = b~!. Then G = D,,. Note (b) < G since of index 2. Also a & (b),
since ab # ba. So G = (b) U (b)a = {e,b,...,b" 1 a,ba,...,b" ta}. Furthermore

ab="b"'a
— ab® = (ab)b*?
=btab"!
= b 2abk 2

=b kg

So, (b*a)(b*a) = b*b~*aa = e. We can check that
0 : Dgn — G

r—b

t—a

is an isomorphism.
e |G|=1, G={e}.
e |G|=2 = G = (5 (by Lagrange’s Theorem)
o |G|=3 = G=C3

e |G| = 4, by Lagrange’s Theorem, 1 # g € G then o(g) | 4. If g € G with o(g) = 4
then this implies G = Cy. Suppose not. Let 1 # a € G = o(a) = 2. Then by
sheet 1 q7, G is abelian, so Co = (a) < G. Now let b € G\ (a), then Cy = (b) < G.
Also, (a) N (b) = {e}. Now consider ab:

—ifab=e¢ = a=b"1=bx

—ifab=a = b=¢e %Xk

—ifab=b = a=¢e XX

So,
G ={e,a,b,ab}

= (a)(b)
= (a) x (b)
= (9 x Oy

Two groups of order 4: Cy and Cy x (s, both of which are abelian.
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e |G| =5 = G = (5 by Lagrange’s Theorem.

e |G| =6thenl#gec G = o(g9) € {2,3,6} by Lagrange. If all non-identity
elements have order 2 then |G| is a 2-power, XX . So there exists b € G such
that o(b) = 3 (Note if o(g) = 6 then o(g?) = 3). Therefore C3 = (b) I G
since of index 2. Let a € G\ (b). Hence a®> € (b). (Consider a(b) € G/(b)).
If a> = b or b% then o(a) = 6 = G = Cg. Now suppose a’> = e. Also
aba~t € (b). If aba~! = e then b = e which is a contradiction. If aba~! = b then
ab=ba = o(ab) =6 = G = Cy. If aba~! = b?, then in other words we have
aba™! = b7 50 G = {(a,b: a® = b® = e,aba”! = b~') = Dg. So there are two
groups of order 6, they are Cg and Dg = S3. Note Cg 22 Dg as Cg is abelian and
Dy is not.

¢ |G| =7 = G

e |G| = 8. By Lagrange, if 1 # g € G then o(g) € {2,4,8}. If all non-identity
elements have order 2 and hence G is abelian. Let 1 # a € G, Cy = (a) < G.
Choose b & (a),

(a,b)y = {1,a,b,ab}

G = (a,b) U (a,b)c
= (a, b)(c)
= (a,b) x (¢)
= (a) x (b) x {c)
=20y x Oy x Cy

Now suppose 3¢ € G such that o(g) >2 = Ja € G,0(a) =4 = Cy = (a) I
G. Letbe G\ (c) = b* € (a). IfV? € {a,a®} = o(b) =8 = G = (3. Now,
bab~! € {a) (since (a)G), so bab~! = @’ for some 7. This implies
b*ab™? = ba'b "
= (bab™ 1)’
2

:ai

But b € (a) = b%ab2 = a. Hence i> =1 (mod 4) = i = +1 (mod 4). If
bab~! = a = ba = ab so G is abelian. If b2 = e then



if b = a® then (ba=1)? = e then
G = (a) x (ba™1)
= 04 X CQ

Suppose bab~! = a~!. Then if b*> = e then G = Dg. However if b> = a?; we have a
new group (g, the quaternion group.

Definition (Quaternion Group). Qs = {£1, £i, £j, £k} with ij = k, jk = 1,
ki = j, ji = —k, kj = —i, ik = ij and i = j2 = k? = —1. So o(i) = o(j) =
o(k) =4 and o(—1) = 2. Another way to define the group is:

) )0 e

alternatively,

Qs = (a,b|a* =e,b®> =a® bab ' =a™1).

A\ J

So 5 isomorphism classes of groups of order 8:

Cg, 04 X CQ, 02 X 02 X CQ

abelian

all different, because
— (s has an element of order §;
— (4 x Cy does not have an element of order 4;
— (9 x Cy x (5 has all elements order 2.
and Dg and (Jg are non-abelian so must be different to these 3. (g has 6 elements

of order 4, but Dg only has 2, so these are non-isomorphic.

e |G| = 9. We will show later that groups of order p? with p prime are abelian.
Either G = Cy or all non-identity elements have order 3. Choose ¢ # a € G,
be G\ (a), then

e |G| = 10, must be either Cjg or Dig (question 12, sheet 2)

Remark. There are lots and lots of groups of order 2¥; there are about 10 of order
16, and about 5 x 100 of order 210,
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6 Group Actions

It’s often easier to understand a group if it’s doing something, permuting elements,
rotating a square etc.

Definition 23 (16). Let G be a group and X a non-empty set. We say that G acts
on X if there is a mapping

p:Gx X=X (g,7)— plg,z) = g(x)
such that
(0) ifg € G, x € X, then p(g,z) = g(z) € X (implied by notation p: Gx X — X)

(i) p(gh,x) = p(g,p(h,z)) (in shorthand, gh(z) = g(h(x)))

(ii) p(e,x) = z (in shorthand, e(z) = x)

Examples
(i) trivial action p(g,x) = zVx € X, g € G.

(ii) S, acts on the set {1,2,...,n} = X by permuting the elements of X. For example,
Ss acts on {1,2,3}:

Similarly subgroups of S,, act on X.

(iii) Dg = {e,r, 72,73, t,rt,r?t,r3t} acts on edges of a square

"y

d b It
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t(a) = ¢, t(c) = a,t(b) = b,t(d) =d,s(a) =b,...

Also acts on the vertices of a square

4 3
t(1) =3,t(4) = 1,t(2) = 3,¢(3) =2
(iv) G acts on itself by left multiplication. This is called the left reqular action.
Gx -G (9,k) — gk

Check:
(0) gk € G by closure
(i) p(gh,k) = ghk, p(g, p(h,k)) = p(g, hk) = ghk. Or, in shorthand (gh)k = ghk,
g(h(k)) = g(hk) = ghk
(ii) p(e, k) = ek = k.

We also have the right reqular action

GxG—=G (9,k) — kg~ !

(v) G acts on itself by conjugation

GxG=G
Check:
(0) gkg~' € G
(i) plgh,k) = (gh)k(gh)™" = ghkh~'g—1 and p(g, p(h,k)) = p(g,hkh—1) =
g(hkh=1)g™!

(ii) p(e, k) = eke™! = k.
(vi) Let N < @G, then G acts on N by conjugation
GxN— N (g,n) — gng ™"

(0) gng~! € N since N < G.
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(i) as above
(ii) as above

(vii) Let H < G, then G acts on the set of left cosets, (G : H), of H in G. Called the
left coset action

Gx(G:H)— (G:H) (g,kH) (gkH)
(0) gkH € (G: H)
(i) p(gh,kH) = (gh)kH = ghkH and p(g, p(h,kH)) = p(g, hkH) = ghkH
(ii) p(e,kH) =ekH = kH.

( I
Remark. Recall a permutation of a set X is a bijection of X. We have commented

that a bijection f : X — X has a 2-sided inverse, i.e. there exists g : X — X such
that
fogle)=z=gof(z) VzeX

Conversely, if f: X — X is a map with a 2-sided inverse, then f is a bijection:
fog(zx) =z Vaxe X = surjective

go f(x) =2 VareX = injective
g J

( )
Note. 2-sided is necessary, because we can consider ¢ : Z — 7Z defined by = +— 2z
and ¢YZ — 7Z defined by 2x — x and 2z + 1 — 0. Then ¢ = id but ¢y # id.

- J

Lemma 16. Suppose the group G acts on the non-empty set X. Fix g € G, then
0y : X — X defined by z — p(g,x) = g(z) is a permutation of X, i.e. 6, € Sym(X).

Proof. Clearly 0, is a map from X to X. We need to show 6, is a bijection, enough to
show it has a 2-sided inverse.

0g—1004(x) = 05-1(p(g,2))
= p(g" (plg,2)))

= p(97 g, x) since p group action
= P(€7 ‘T)
=z Ve e X

Similarly,
Og004_1(c) =2 Ve e X
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Proposition 5 (6). Suppose G acts on the set X. Then the map
0:G — Sym(X) g0

as in Lemma 16, is a homomorphism.

Proof. We need to show 6 is a homomorphism, i.e. we need

0(gh) = 0(g) o 0(h)

i.e.
99h = Hg ¢} Qh.

Let x € X, then

Ogn(x) = p(gh, z)
= p(g, p(h,z))
= 99 o cgh(SL‘)

True Vz € X, so done. ]

( I
Remark. Proposition 6 gives us an equivalent definition of a group action. If G is

a group and X a set such that 6 : ¢ — Sym(X) is a group homomorphism, then

p:G x X — X defined by (g,z) — 04(x) where §(g) = 0, is a group action.
L J

e )
Remark. Using notation of proposition 6, by first Isomorphism Theorem,

G/Ker 6 = Im 6 < Sym(X)
Note

Ker § ={g€ G:0(9) =idx € Sym(X)}

={g€ G:04(x)=p(g,z) = 2Vx}
4G

i.e. all those elements that fix every element of X, that act ‘trivially’. We say the
action is faithful if Ker 6 = {e}.

. J

Examples of Kernels
(i) Trivial action - Ker 6 = G.

(ii) S, acts on {1,...,n} - faithful
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(iii) Ds acts on edges - faithful
(iv) Left regular action - faithful
(v) Conjugation
Ker 0 ={g€ G :gkg™! = kVk € G}
= 2(G)
where z(G) is the centre of G. ‘the elements that commute with everything’
(vi) conjugation on N < G
Ker § = {g € G:gng ' =nV¥n € N}
= Cg(N)
where C(N) is the centraliser of N in G.

(vii) Left coset action

Ker 0 = {g € G: gkH = kHVk € G}
={geG:k gk c HVk € G}
={gcG:geckHk 'VE € G}
= () kHE™!

keG
= Coreg(H)
G
<H

Note. If Ker § = {e} then G is isomorphic to a subgroup of Sym(X), we write
G < Sym(X). So if |G| does not divide |[Sym(X)| then Ker 6 # {e}.

Theorem 7 (Cayley’s Theorem). Any group G is isomorphic to a subgroup of
Sym(X) for some non-empty set X.

Proof. We take X to be G and consider the left regular action G x G — G defined by
(g, h) — gh. This is a faithful action as gh = h Vh € G = g = e. Thus we have an
injective homomorphism

0: G — Sym(G)
and G < Sym(G) as required. O
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Definition 24 (17). Let G act on a set X and x € X. The orbit of z € X is given
by
Orbg(z) ={g(x): g€ G} C X

i.e. the set of points in X which z can be mapped to.

Examples
(i) trivial action, Orbg(x) = {z}.

(ii) Sy acts on {1,2,...,n} = X, Orbg(l) = X. If H = ((1 2)(3 4 5)) acting on
X ={1,2,3,4,5} then
Orbg(1) = {1,2}

Orbg(3) = {3,4,5}.
a
(iii) Ds on d[ b
C
Orbp,(a) = {a,b,c,d}.

(iv) left regular action
Orbg(k) =G

since g = g(k~'k) = (gk~ 1)k for any g € G.
(v) conjugation
Orbg (k) = {g(k) : g € G}

={gkg™': g€ G}
= cclg(k)

conjugacy class of k in G. If h € cclg(k) we say h and k are conjugate.

Definition 25 (18). We say G acts transitively on X if for any z € X, Orbg(z) = X.
Equivalently, if given any pair z1, 22 € X Jg € G such that g(x1) = xs.

So, the left regular action is a transitive action.

l Lemma 17. The distinct G-orbits form a partition of X.

Proof. Let x € X, then x € Orbg(x) since x = ex. Suppose z € Orbg(x) N Orbg(y), we
show
Orbg(z) = Orbg(z) = Orbg(y).
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z € Orbg(z) = dg € G such that g(x) = z. Suppose t € Orbg(z), then 3h € G
such that h(z) =t and hence t = h(g(x)) = (hg)(z). Therefore t € Orbg(x) and hence
Orbg(z) C Orbg(x). Similarly g(x) = 2

z=e(x)=(97"g)(z) =g '(2)

and hence Orbg(z) € Orbg(z). Thus Orbg(x) = Orbg(z). Similarly Orbg(z) =
Orbg(y). O

Remarks

(i) We could have proved Lemma 17 by noting that z; ~ x2 if 3g € G such that
g(x1) = x9 is an equivalence relation.

(ii) Orbg(z) is G invariant, i.e.
9(Orbg(z)) € Orbe(z).
Since if y € Orbg(z), then y = hx for some h € G.

= g(y) = g(h(z))
= (gh)(z) € Orbg()

(iii) G is transitive on Orbg(x). Let y,z € Orbg(x), so y = g(x), z = h(x) for some
g,h € G. Then
2= h(g™'())

Definition (19). Let G act on X and x € X. The stabiliser of x in G is given by
Stabg(z) ={g€ G :g(x) =2} CG.

i.e. all those elements in G that fix z.

Examples

(i) trivial action,
Stabg(z) = G.

(ii) Spon X ={1,2,...,n}
Stabg (1) & Sp,—1

H = ((12)(345)) on X

Stabz(1) = ((345))
= {e, (345), (354)}
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(iii) Dg on edges of a square,
Stabp,(e) = {e, t}

(iv) left regular action

Stabg (k) = {e}
gk=k = g=e
(v) conjugation
Stabg (k) = {g € G : g(k) = k}
={9€G:gkg =k}

={g€G:gk=kg}
= Cq(k)

centraliser of k in G i.e. all elements of G that commute with k.

Lemma 18. Stabg(x) is a subgroup of G.

Proof.

o ¢(r) =2 = e € Stabg(z)

if g, h € Stabg(z) then

(gh)(z) = g(h(z))
= g(x)

= gh € Stabg(x)

g € Stabg(z)
g(z) ==z
z=e(r)=(9"9(X) =g " (92) = g~ (x)
— ¢! € Stabg(z)

associativity inherited from G.

Remark. Recall ¢ : G — Sym(x)

Ker0={geG:g(x)=xVre X}
= NStabg ()
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Theorem 8 (Orbit-Stabiliser Theorem). Let G be a finite group acting on a non-
empty set X. Then Staby(z) < G and

|G| = [Stabg (x)[[Orb(z)].

( I
Remark. We actually prove that |G : Stabg(z)|, the number of left cosets of
Stabg(z) in G, is equal to |Orbg(z)|, a more general statement.

L J

Proof. (G : Stabg(x)) set of left cosets of Stabg(x) in G. Consider the map
0 : Orbg(x) — (G : Stabg(x) g(x) — gStabg(z)
0 well-defined because:

g(z) = h(z) = h™'g(x) =z
— h7lg € Stabg(x)
= gStabg(z) = hStabg(x)
= 0(g(x)) = 0(h(x))
f injective:
0(g(x)) = 0(h(x))
= gStabg(z) = hStabg(x)
= h™'g € Stabg(z)
— hilg(x) ==z
= g(z) = h(z)

0 surjective:
Given gStabg(z) € (G : Stabg(x)) then g(z) € Orbg(z) and

0(g(z)) = gStabg(z).

Thus 6 a well-defined bijection as required. O

6.1 Applications to Symmetry Groups of Regular Solids

Let S be a regular solid and V' its vertices. Then the symmetries of S are the isometries
(distance preserving maps) of R? or R3 that maps S to itself.
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Examples of Symmetries

Example. (Tetrahedron)
This is self-duel. Let G be group of symmetries of 7', and X = {vertices of T} =
{1,2,3,4}.

faces are 4
equilateral triangles

4
Then 3 group homomorphism
¢:G— Sym(X) =Sy

(Proposition 6). Note Ker ¢ = {e}, if all vertices fixed, then 7" fixed.
Consider G’ < G subgroup of rotations.

2
rotation of 2F
3

3-cycle (2 3 4)
and 4F (24 3)

on ,,F Iy

Jd

z {;\OV\E“C l'rmnfp
(1 (T D)

3 such axes and identity
— G+ = A4
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Now consider G (all symmetries). Clearly

Orbg(1) = {1,2,3,4}
= OI"bGJ,-

Consider Stabg(1). Note if 3 vertices are fixed then 7" fixed. Consider Stabg(1). Note
if 3 Suppose vertices 1 and 2 are fixed.

\ L

e

rgF/FcLior\
(3 =T

7] < 3 (Noke 65uch)
({'F’ecl".of\

If just 1 fixed have order 3 rotation from before = ¢. This is everything

Stabg(1) = (o, T)
~ Dg
— |G| = [Orbg(1)][Stabg (1)
=4x6
=24
= G = S4

Note Stabg+ (1) = (G). Also (1234) = (12)(234).

Example. (Cube)
Dual to octahedron.
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Let G be group of rotations of C. Then G acts on set of diagonals X = { Dy, Dy, D3, D4}
If a rotation o fixes all diagonals, then o = id. So we have an injective homomorphism

¢:GT — Sym(C) = S,

roatations: —id

6 o aJ-zo,\ o{: %
(occesponds ko
(/ 7 3‘/*) )N
O\C"/U“ oN
o{,'y\l?dmnls

3 such axes, hence 6 elements of order 4, 3 elements of order 2.

/4 /=
z ’\3 o/p):j
(OCFPSPM)JS(—O
(7 3Y%)
V7

4 such axes, hence 8 elements of order 3.

o T.
o(T)ﬂZ

(0cce3QonalS
v o (13)

6 such axes, i.e. GT = S,.
Note Orbg+(D1) = {D1, D2, D3, D4}

Stabg+(D1) = (o, 7')
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or consider G* acting on vertex 1
|Orbg+ (1) =8
[Staba (1) = [(p)| =3
— |G| =24

Now consider full symmetry group of C, call it G. Consider action on faces F,...., Fg.
Yields an injective homomorphism (faithful)

¢: G — Sym{F;} = S;
|Orb(F1)| = 6
Stab(Fl) =~ Dg
= |G| =6 x8=48.
So, action on diagonals is not faithful;
dge G g(D;)= D)i) 1<1<4

but g # id. Label vertices of C' as {(£1,£1,+1)}
g:(z,y,2) = (-2, -y, —2)
if label faces of cube as a dice; 1 opposite 6, 2 opposite 5, 3 opposite 4 then
g = (16)(25)(34)

Then G = F* x (g). Then G* < G (index 2) and (g) < G (commutes with all rotations)
and

G N {g) = {e}
G {g)| =48 = |G].
Example. (Dodecahedron)

Dual to icosahedron. We denote by D. 12 regular pentagonal faces, 30 edges, 20 vertices.
Let G be the grou pof rotations of D. Let F be a face of D.

|Orbg+ (F)| = 12

|Stabgt (F)| = 5
= |G| =5x12=60

There are five cubes embedded in D:
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‘ S(;a(vrs G’Fff’sj(}
3eaics pec cnbe

= Sembes

G™ acts faithfully on cubes
— ¢: Gt = S

injective and |G| = 60 hence G = A5 (there is some work in the “hence” here but one
can do it with some determination). Can find elements of As:

e rotations through opposite faces - 5 cycles. (6 axes, 4 elements per axis)
e rotation through opposite vertices - 3 cycles.
e rotation through opposite edges - double transpositions (15 such).

Another application of the Orbit Stabiliser Theorem:

Theorem 8 (Cauchy’s Theorem). Let G be a finite group and p a prime that divides
|G|. Then there exists an element in G of order p.

Proof. Let
X ={(z1,22,...,2p) 1 x1,22,...,2p = €,x; € G}.

Let H = (h:h? =e) = C), act on X as follows:
Hx X —X (h,(x1,...,2p)) — (22, 23,...,Tp,x1)
in general, ,
(hl, (.7}1, Ce ,acp)) — (1‘1+Z‘, Topijye-- ,.%'p_H')

where suffices are taken modulo p.
Check this is a group action:

(0) Since z1zg - --xp = e, we have

= (z129 - x) te(zyzo - - - 74)

=€
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(i) We simply check that

W = (@14i4gs - Tprity)
= h'(h (w1, ...,2p))

(ii) For identity, we heck that

e(x1,...,xp) =hP(z1,...,2p)
=(x1,...,2p)
Let
T=(x1,22,...,2p) € X.

As distinct orbits partition X (Lemma 17)

— Y |Orbu(@)] = |X]

distinct
orbits

Note | X| = |G|P~! (choose w1, ...,xp_1 then x, determined)
= p||X|
— p|LHS

But by Orbit Stabiliser Theorem:

Orbyy ()] | |H| = p
= |Orby(Z)|=1orp

Now,
e=(e,e,...,e) e X |Orby (€)] = 1.

So there exists at least p — 1 other orbits of length 1. So there exists T € X with
Orby(z) =1

so x # e and 2P = e. O

6.2 Conjugacy Action
Reminder of the definition of conjugation:
GxG—=G (g,h) — ghg™'.
orbits are called conjugacy classes:
cclg(h) = {ghg™ : g € G}.
Stabilisers are called centralisers:

Ca(h)={g € G:ghg™" = h}.
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Remarks

(i) By Lemma 17 the conjugacy classes partition G.

(ii) By Orbit Stabiliser Theorem, h € G
G| = |Ca(h)llccla(h)].

In particular,
ecla| | G

(iii) If k € cclg(h) then o(k) = o(h). Since k = ghg~! for some g € G,
ko(h) _ (ghg—l)o(h)
— gho(h)g—l
=e
= o(k) | o(h)
Similarly, h = g~ 'kg hence o(h) | o(k), so o(h) = o(k) as desired.
(iv) Recall
Z(G)={9€ G:gh=hgVheG}
4G

And,
2(6) = () Co(h)

heG
Note, z € Z(G) if and only if |cclg(2)| = 1. If z € Z(G)
= cclg(z) ={gzg7 ' 19 € G} ={2:9€ G} ={z}.

If |cclg(2)| = 1 then note
z=eze ! € cclg().

So gzg~' =2 Vg e@.

(v) Let H < G, then H is normal if and only if it is a union of conjugacy classes.
(Sheet 3 question 3)

(vi) G abelian if and only if G = Z(G).

Proposition 7. Let p a prime and G a group of order p". Then Z(G) is nontrivial,
ie. Z(G) > {e}.
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Proof. Let G act on G by conjugation. Then the conjugacy classes of G partition it by
Lemma 17:
G= U cclg(x)
distinct

conjugacy
classes

By Orbit Stabiliser Theorem
el (a)| | |G| = p™

Either |cclg(x) = 1 or p|cclg (). So by (iv) above

Gl= ) lecda(@)|+ Y lecla(x)]
z€Z(Q) distinct
conjugacy
classes
with
p|cclg(z)

Now p | LHS sop | RHS
= p Z leclg(z)| = |Z(G))].
z€Z(Q)

But e € Z(G), hence we must have |Z(G)| > p > 1, as desired. O

Lemma 19. Let G be a finite group and Z(G) the centre of G. If G/Z(QG) is cyclic
then G is abelian.

Proof. Let Z = Z(G). Since G/Z is cyclic, G/Z = (yZ) for some y € G. Let g,h € G.
Then gZ = y'Z for some i, so g = z'z; for some z; € Z. Similarly, hZ = y/ Z for some
j, 50 g = 2) 2 for some 2 € Z. Now,

gh =y'z1y7 2
=y'y 2z 21 €74
=¥y nn
= yjzzyizd

so (G is abelian as required. ]

Corollary 5. Suppose |G| = p? for some prime p. Then G is abelian and there are,
up to isomorphism, just two groups of order p?, namely Cp x Cp and Cpe.

Proof. (Sheet 3 Question 10) O
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Remark
(i) A group of order p™ for a prime p is called a finite p-group.
(ii) If all elements have p-power order G is called a p-group. For example Cpe (Priifer

group).

Conjugation in S,

N
Definition 20. Let ¢ € S,, and write o as a product of disjoint cycles including

1-cycles. Then the cycle-type of o is (ny,ng,...,ng) where ng >mng > -+ >np > 1
and the cycles in ¢ have length n;. Note n = n; + ng + - - - + ng. For example

(1234)(567) = (1234)(567(8) € Ss

has cycle type (4,3,1), and e € S5 has cycle type (1,1,1,1,1).

Theorem 9. The permutations m and o in S,, are conjugate in .S, if and only if
they have the same cycle type.

Proof. Suppose o has cycle type (ni1,ne,...,ng). Write

g = (a11a12 . alm)(aglagg e a2n2) e (aklakg . almk).

Let 7 € S,,. Then

ror (7 (aij)) = To(ai;)
_ {T(aij) j<mn;
m(ai) j=m

Thus 2 permutations of the same cycle type are conjugate. O
For example,

(14)(123)(14)7" = (423)
(10)(1k)(11) = (Ik).

Consider Sy: let x € Sy. Recall 24 = [S4] = |cclg, (2)||Cs,(x)| by Orbit-Stabiliser
Theorem.

example member z | cycle type | size | sign | |Cg, ()] Cg,(x)

e (1,1,1,1) 1 1 24 Sy
(12)(3)(4) 2,1,1) | 6 | -1 4 ((12), (34)) 2 Oy x O
(123)(4) (3,1) 8 1 3 ((123)) = O3
(12)(34) (2,2) 3 1 8 ((1234), (12)) = Dg

(1234) (4) 6 | —1 4 ((1234)) = C4
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Corollary 6. The number of distinct conjugacy classes of S, is given by p(n),
the number of partitions of n into positive integers, i.e. n = nj; + --- 4+ ng with
ny>mng > >ng > 1

However in A,, conjugation is less clear. Certainly

ccly, (z) = {ga:g*1 cg€e Ay} C {gscg*1 19 € Sp} = cclg, (z)

since A,, < 5,,.

So if two elements are conjugate in A, they have the same cycle type. But having
the same cycle type in A, does not guarantee being conjugate. For example (123) not
conjugate to (132) in Ay. If 7(123)77! = (132) then 7 = (12), or (32) or (13), none of
which are in A4.

Or consider C4,((123)) = Cg,((123)) N A4. For example
Cs,((123)) = ((123)) < A4
So, C4,((123)) = Cis, ((123))

Al IS eds, (123)
= el = 5 @) ~ [Os ] 2

So the conjugacy of 8 3-cycles in Sy splits into 2 conjugacy classes in Ajg.
Key point: let x € A,. If Cy, (z) = C5,, (x)

)| = \cclgn(ac)\.

= |ccly, (z 5

If Ca, (x) < Cg, (), then Cg, (z) contains an odd permutation and

|Ca,(2)] = [Cs, () N Ap| = ’CSE(:”)’
(Sheet 2, Q4)

= |ccly, ()| = |cclg, (z)]-

example member z ‘ cycle type ‘ Ca,(x) ‘ size of conj class
e (1,1,1,1) Ay 1
(123) (3,1) ((123)) 4
(132) (3,1) ((132)) 4
(12)(34) (2,2) {e,(12)(34), (13)(24), (14)(23)} = C3 x Cs 3
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( I
Remark. The number of elements in S, with k; cycles of length [ is given by

n!

Think of cycles as trays, put in elements of X = {1,2,...,n}. This gives n! options,
but we’ve overcounted. Each cycle of length I can be written [ ways, this gives ¥

factor. Also k; cycles of length [ can be permuted k;! ways.
. J

Let us consider S5 (note |S5| = 120).

Example member z | Cycle type | # | sgn | |Cs,(2)] Cs; ()
e QL0 1] 1 120 S5

(12) (2,1,1,1) | 10| -1 12 | ((12)) x Sym{3,4,5} = C, x S
(12)(34) (2,2,1) | 15| 1 8 ((1324), (12)) = Ds

(123) (3,1,1) |20 1 6 ((123), (45)) = Cg
(123)(45) (32) 20 | -1 6 ((123), (45)) = Cj
(1234) 4,1) |30 1 4 ((1234)) = C,

(12345) (5) 24| 1 5 ((12345)) = C5

Now consider As (note |As| = 60).

Example member = | Cycle type Ca,(x) lccla; (z)]
e 1,1,1,1,1) As 1
(12)(34) (2,2,1) | ((12)(34), (13)(24)) 15
(123) (3,1,1) ((123)) 20
(12345) (5) ((12345)) 12
(21345) (5) ((21345)) 12

Recall a group is simple if it has no non-trivial proper normal subgroups, i.e. if only
normal subgroups are {e} and G.

Theorem 10. As is a simple group.

Proof. Suppose N < As. Then N is a union of conjugacy classes (Sheet 3, question
3(a)). Hence

IN| =1+ 15a + 20b + 12¢

where b,a € {0,1} and ¢ € {0,1,2}. But by Lagrange’s Theorem, | V| ‘ |As| = 60. Only
possibility is [N| =1 or |N| = 60. O
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Comments
(i) As is the smallest non-abelian simple group.
(ii) A, simple Vn > 5 (GRM). But A4 is not simple.
(iii) Classification of finite simple groups exists, includes infinite families.
e C, for p prime (only abelian simple groups).
e A, with n > 5.
e groups of ‘Lie type’ (matrix groups)

e 26 sporadic groups (including the monster and baby monster)

Aside

For example, number of cycles in S5 of type (o o)(e @) so ko =2, k; = 1.

qb!

= - = ]_
# 2?2111 g
For (e e e)(e @) we have k3 =1, ko =1
5!
# = g — 20
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7 Matrix Groups
Let M, (R) denote the set of all n x n matrices with entries in R. Define

GLn(R) = {A € M,(R) : det A # 0}

Proposition 8. GL,(R) is a group under matrix multiplication. It is called the
general linear group.

Proof. Closure: A, B € GL,,(R) clearly AB € M,,(R) and det(AB) = det Adet B # 0 so

AB € GL,(R).
Identity:
1 0 0
01 00
In=1: 1 . 1 | €GLy(R)
00 --- 10
00 -~ 01
Inverse: det A # 0 implies A~ exists and det(A™!) = .4 # 0.
Associative:

(A(BC))ij = Aiz(BC)y;
= AixthCtj
((AB)C)ij = (AB)ixCy;j
= AitthC:pj

Example. We have that

GLy(R) = {(Z Z) :a,b,c,dER,ad—bc%O}

a B ' 1 d —b
c d ad—bec\—c a

and we have

Proposition 9.
det : GL,(R) — (R \ {0}, x) A det A

is a surjective group homomorphism.
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Proof. Note (R \ {0}, x) is a group. Determinant is clearly a map to (R\ {0}, x). Need
to check it’s a group homomorphism

det(AB) = det A -det B

And we need to show that it is surjective, which follows because given r € (R \ {0}, x),
let

r 0 -~ 00
o1 --- 00
A=|: 1 | €CLu(R)
00 --- 10
00 ---0 1
and notice that det A = r. O

By First Isomorphism Theorem
Ker(det) < GL,(R)
and we can find that

Ker(det) = {4 € GL,(R) : det A = 1}
= SLn(R)

This is known as the special linear group. Furthermore, by First Isomorphism Theorem

GL,(R)/SLy(R) = (R \ {0}, x).

( I
Remark. More generally we can define the general linear group and special linear

group over any field. Examples of fields: R, C, Q, F, where

IFP = ({0,1,2,.. P = 1}7+p7 Xp)

for some prime p. Note that GL,(F,) and SL,(FF,) are finite groups.
L J

What is |GL3(F,)|? Non-zero determinant means we need linearly independent columns.
So the number of choices for first column is p® — 1 (any choice is fine except (0,0,0)).
Second column is not a multiple of first, so number of choices for second column is p® — p.
(Note that the zero vector is a multiple of the first column). Third column not in space
spanned by first two columns, this space has size p? (consider acy + Bea, a, 8 € Fp). So
number of choices for third column is p? — p?. So

IGL3(Fp)| = (p° — 1)(p* — p)(0° — p?)
We can still consider

det : GL3(F,) — (Fp \ {0}, %) A det A
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Note (F, \ {0}, x) is a group.
Proof. Closure, identity and associativity can all easily be verified. Let a € F, \ {0},
by Bezout’s Theorem, there exists x,y such that ax + py = 1. Then we have ax = 1
(mod p). Choose Z =z (mod p) with 1 <Z<p—1. Soa™! =uz. O
Determinant is a surjective homomorphism to (F, \ {0}, x) so by First Isomorphism
Theorem:
(GLy(F,)|/|SLa(Fy)| = p— 1

(-1 —p)(»® —p?)

— [SLs(Fy)| = o

Actions of GL,(C)

(i) Let C™ denote vectors of length n with entries in C:
GL,(C) xC" —»C" (A, v) —» Av
Note Iv = v, (AB)v = A(B(v)). This action is faithful:
Av=vWwe(C" —= A=1,
(consider multiplying A by (1,0,...,0), (0,1,...,0) etc) The action has two orbits:
0

OrbGLn((C)(O) = {0} 0=

and for v # 0 we have:
OrbGLn((C) (V) =C" \ {0}
because given w # 0 there exists A € GL,,(C) such that Av = w.

(ii) Conjugation action of GL,(C) on M, (C)
GL,(C) x M,,(C) = M,(C)  (P,A) — PAP!
Note:

PQ(A) = PQA(PQ)™"
= PQAQ P!
= P(Q(A))

66



Remark. Matrices A and B are conjugate if they represent the same linear map.
If PAP~! = B, then P represents a change of basis matrix (see linear algebra next

year). For example
(1 (0
€1 = 0 €9 = 1

A:ep — 2e; eg — 3e2
2 0
a= (3 3)

P:eg—ey, egr—e

=3 )-r
part=(10) (65) (o)

Let

change of basis

Then

i.e. ey — 3eo and e; — 2e;. We will use the following result from Vectors and
Matrices when investigating Mobius groups.

~
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Result. Let A € M>(C) and consider conjugation action of GL2(C) on Ms(C).
Then precisely one of the following occurs:

(i) the orbit of A contains a diagonal matrix
o
0 w
with A # pu.
(ii) the orbit of A is

for some .

(iii) the orbit of A contains a matrix

oy

for some .

Proof. See Vectors and Matrices but essentially

(i) In this case A has 2 distinct eigenvalues A # p, take a basis consisting of an
eigenvector for A and an eigenvector for . Distinct pairs give distinct orbits.

(ii) A = A, eigenvalues A, A, 2 linearly independent eigenvectors.

(iii) In this case A has a repeated eigenvalue, but just one linearly independent eigen-
vector.

O]

Recall if A € M(R), AT is defined by (A");; = Aji, i.e. the ij-th entry of AT is ji-th

entry of A:
(2 4 T (2 3
=) =03
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Note. (i) We have (AB)" = BT AT because
[(AB)"i; = (AB)j; = AjkBy;
[BTA)i; = Bl A}; = Bridj
(i) AAT =1 <= ATA =T and hence

ATA=ATAATA=A"TA=1T

(iii) (A7)t =(A"HT since

(iv) det(AT) = det A.

&

On(R)={A e M,(R): ATA=1T}

(So columns of A form an orthonormal basis for R"™).

Proposition 10. O, (R) is a subgroup of GL,(R) called the orthogonal group.

Proof.
1 =det(AT A)
= det(AT) det(A)
= (det A)?
—> det A
#0
Hence O, (R) is a subset of GL,,(R); associativity is inherited.
1 -~ 0
e Iy=1: . 1] €0xR)
0 --- 1

e closure: A, B € O,(R),
(AB)" (AB) =B"ATAB
=B'B
=1
= B < 0,(R)
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e inverse: ATA =1, = AT = Al and AT € O,(R) since (A7) = A and

AAT =1T.

O

Note 1 = (det A)? = detA = £1 if A € O,(R). So, Det : O,(R) — ({1}, x),

A — det A is a surjective homomorphism, as

-1 0 0
0 1 0

) € 0,(R)
0 0 1

So
Ker(Det) = {A € O,(R) : det A =1} = SO, (R) < O, (R)

By First Isomorphism Theorem:

0,(R) /SO, (R) 2 Cy

Lemma 20. Let A € O,(R) and x,y € R". Then
(i) Ax- Ay =x-y

(i) [Ax| = |x|

So A is an isometry (distance preserving map) of Euclidean space R™.

Proof.
(i) Ax- Ay = (Ax) " (Ay)
—x' A" Ay

(i)

|Ax|? = Ax - Ax = x - x = |x|?

Note by (ii) if A an eigenvalue of A, then Ax = Ax
= x| = [x]

ie. A =1.
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In 2 dimensions
Let
a b
A= (C d> S GLQ(R)

4T _f[a b\ fa c
r=aaT= (2 0) (5 3)

— 1=a’ 4+ =c2+d

0 = ac+ bd.

T4 _f(a ¢\ [fa b
()

= l=d’+*=b"+d

0=ab+ cd
cosf b —sind
(sinH) 50 (d) =+ ( cos 6 >
cosf —sind
4= <sin9 cos 6 >

x cosfxr —sinfly
A =1 .
Y sinfx  cosfy

For 0 < 0 < 27 let

()

First case:

detA=1

A represents a rotation.
Let z = x + iy then

e¥2 = (cos Bz — sin fy) + i(sin Oz + cos fy)

All elements of SO2(R) are of this form.
cosf sinf
A= (sin 6 —cos 9)

x cosfx  sinfy
A =1 .
Y sinfx —cosfy

Z = (cos Oz + sin Oy) + i(sin O — cos Hy)

Second case

det A = -1

ei@
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What are the fixed points?

z=e"7 «— 2, ="/
e W2, ¢ eR
= z = ew/Qt
hence a reflection in line tei?/2.

All elements of O2(R) \ SO2(R) are of this form.

So,

0s(R) = SOs(R) U (é _01> S04 (R)

Note any element of O2(R) is a product of at most two reflections. Since if A € SO3(R)
then
1 0 1 0
a=(a(s 5) 6 5)

Proposition 11. Let A € SO3(R). Then A has an eigenvector with eigenvalue 1.

3 dimensions

Proof.

det(A — ) = det(A — AAT)

= det Adet(I —AT)

=det((I—A)")

=det(I — A)

= (—=1)3det(A 1)

= —det(A—1)
hence det(A — I) = 0 and A has eigenvalue 1. O]
Alternatively consider x 4(z) the characteristic polynomial of A, it is a cubic in R. Thus

has a real root, A = 1 or A = —1. But the other eigenvalues are either a complex
conjugate pair, then A = 1 or all are real either 1,—1,—1 or 1,1, 1.

Theorem 11. Let A € SO3(R) then A Is conjugate to a matrix of the form

cos) —sinf 0O
sinf cosf@ 0
0 0 1

for some 0 € [0, 27]. In particular, A is a rotation round an axis through the origin.
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Proof. By proposition 11, there is a v € R? with Av = v, and we can assume |v| = 1.
Let {e1, 2, e3} be the standard orthonormal basis for R3. There exists P € SO3(R) such
that Pv = e3. So PAP~!(e3) = e3 and for 7 plane perpendicular to e3 then PAP~!()
perpendicular to es. So,

det PAP"'=detA=1,s0detQ=1,Q'Q=1. So
Q= cosf —sinf
~ \sinf cos®
for some 6 as required. O
Suppose r is a reflection in a plane 7 through 0. Let n be unit vector perpendicular to

m. Then
r(x) =x—2(x-n)n

n— —n

m fixed. So r is conjugate to

-1 0 0
0 1 0] €03(R)
0 01
-1 0 0
O3(R) =SO3(R)u | 0 1 0] SO3(R)
0 01

Theorem 13. Any element of O3(R) is a product of at most 3 reflections.

Proof. Let {e1, ea,e3} be standard orthonormal basis for R3. Let A € O3(R). Then
|Aes| = les| =1,
since A is an isometry. So there exists a reflection r1 such that
r1A(es) = es.

Let m = (e1,e2) (the plane perpendicular to e3). Then r1A(w) = w. There exists a
reflection r9 such that
7‘2(83) = €3, T‘2(T‘1A(€2)) = €9.
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So ror1 A fixes eg and es. So roriA(e;) = tey. If e; = eq, set r3 =id. If e = —eq, let
r3 be reflection in plane perpendicular to ey. So r3rori A fixes eq, e, €3, SO
T‘37“2’I"1A =id

1,.—-1

== A=r]"ry 7“3_1:7"17"27“3.

O]

Alternatively, any element in S02(RR) is a product of at most 2 reflections, via 2-dimensional
case. Thus any element of

~1.0 0
0 1 0]S0s(R)
0 01
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8 Mobius Groups

A Mobius transformation (or map) is a function of a complex variable z that can be

written in the form
az+b

f(z) = cz+d
for some a, b, c,d € C with ad — bec # 0. Why ad — bc # 0?7

(ad — be)(z — w)
(cz+d)(cw+d)’

f(2) = flw) =

So, ad — be = 0 implies f constant (not interesting), and ad — be # 0 implies f injective.
When does f(z) = g(2)?
Suppose there exists at least 3 values of z in C such that

az+b az+p
cz+d  yz+0

ad — bc # 0, ad — By # 0. Then there exists A # 0, A € C such that
(8= ()
Since, we have 3 distinct values of z for which
(az+b)(yz +8) = (az + B)(cz + d)
so these quadratics are identical. Hence
ay = ac, bd = Bd

ad + by = ad + Be
Let = ad — Bc = ad — by (so p? = (ad — be)(ad — By) # 0). Then

(D6 D-60)
= (5 9)-aw (2

Problem: f is not defined at z = —%. We would like f (—%) = oo. We consider f defined
on CU {oo} = Cy, the extended complex plane. So if

az+b

f(z) = m,

domain is now Cso; ¢ # 0; f(o0) =2, f (—g) = 00. For ¢ = 0; f(o0) = 0.

c?
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(Riemann Sphere and stereographic projection.)

Theorem 14. The set M of all M&bius maps on C is a group under composition.
It is a subgroup of Sym(Cx).

Proof.

e composition of maps is associative
o I(z)=z€e M.

e closure: Let
az+b _az+f

f(z):m7 g(z)_fyz—f—é

Suppose ¢ # 0, § # 0. First suppose z € C\ {—0/v}. Then
az+3

a (72—}-5) +0b
az+p

¢ ('yz+6) +d

(acc +by)z + (aff + bo)

" (ca+dy) + (cB +dd) €M

fl9(2)) =

(aa + by)(cf + 6d) — (af + bd)(ca + dy) = (ad — be)(ad — [v) # 0.
Also, f (g (—g)) = f(o0) = 2. And

Need to check ¢ = 0 separately.
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e inverses: For some a, b, ¢, d with ad — be # 0, let

az +b vy dz—0
f(z):cz+d and f(z)_—cz—i-a
Then f(f*(z)) = z = f*(f(2)) for z # —%,—2 oco. These are cases are ok. If ¢ =0
then
F(f7(20)) = f(o0 = 00 = f*(f(0)).
O
Theorem 15. QLo (C)
2 ~
7 =M
where v o
Z:{<O )\) : A e C\ {0}}.

Proof. We construct a surjective homomorphism from GL2(C) onto M with kernel Z.

Let ¢ : GL2(C) - M
a b _az+b
<C d)'_)f(Z)_CZ—Fd

b
()= =2k

(0 D)o( D)oo

_ (aa+by)z+ (aB + bd
"~ (ea+dy)z+ (cB+ 6d)

(2 %)
(Z Z) € Ker ¢

if and only if Zjis =2V 2z € Cyx. Note

Note ¢ a homomorphism:

Clearly ¢ surjective.

z=00 = ¢=0
z2=0 = b=0
z=1 = a=d
— Kergp=1=2

Finally apply First Isomorphism Theorem. O
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Corollary 7.
SL2(C)
{£1}

1

M.

Proof. Restrict ¢ to SLa(C)
¢ : SLQ((C) - M

a b Haz—i—b
c d cz+d
b

az+b . ((ad—Zc)l/Q) Z+ (ad—bc)1/2

We require ¢ to be surjective:

f(z) =

cz+d d
((ad—zc)1/2> z+ (ad—bc)1/2
And Ker ¢ = {+1}. O
Proposition 13. Every Mébius map can be written as a somposition of maps of
the following forms:
(i) z+> az, a # 0; represents a dilation or rotation
(ii) z + z + b; a translation
(iii) 2 — 1; inversion.
_ az+b —0N-
Proof. Let f(2) = ¢ lf ¢ =0;
a a b
zZ <E>z—>n—> <g>z+ P
f11s type (i), fo is type (ii). We can write f = foo fi. If ¢ # 0, write
az+b
f(Z) - CZ+ d
_ ()=t ()
d
2+ (¢)
_a, ()
d
¢ (z2+¢)
B
= A+ =
z+ <
i dagi)y 1 @ B i B
LA L@ B o, B
& Z+ - zZ+ - zZ + c
Now we can write f = fy o fz3o foo f1. ]
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Definition 22. A group G acts triply transitively on a set X if given x1, 2, x3 € X
all distinct and y1,y2,ys € X all distinct, there exists g € G such that g(x;) = y;,
fori=1,2,3.

A group G acts sharply triply transitively if such a ¢ is unique.

~

Theorem 16. The action of M on C is sharply triply transitive.

Proof. Label first triple {20, 21, 200 } and second triple {wg, w1, weo}. We construct g € M

such that

g:20—0
z1—1

Zoo F> 00
First suppose zg, 21, 200 7# 00

(2= 20)(21 — 200)
9 = =)o = 20)

check: “ad — bc” = (20 — 200) (21 — 200)(21 — 20) # 0. If 200 = 00

(z — 20)
o) = 2“0
9(2) (1 = 20)
If 21 = o0 )
Z— 20
9(z) = <(_>
If zg = o0:
(21 — 20)
9(z) = = 20
Similarly find A such that
h:wy—0
wy— 1
Wog H¥ 00

Then f = h™'g : z; — w; as required. Now to prove uniqueness. Suppose f’ : z; — w;.
g

Then f~'f': 2z — z;. Let g be as above, then

gf g0 0 = b=0
l1—w1 = a=d
oo — ¢c=0
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So, the image of just three points determines the map.

Conjugacy classes in M

Recall ¢ : GLy(C) - M. Suppose A, B conjugate in GLo(C), i.e.

GL2(C) such that
PAP' =B

then

¢(P)p(A)p(P)~! = o(PAP™Y)
=¢(B) e B

there exists P €

i.e. ¢(A) and ¢(B) are conjugate in M. Use knowledge of conjugacy classes in GLo(C).

(i) For some X # p, A # 0 #
A0
(0 u)
A0
(@ )=
f(z) =vz,v#0,1.
(ii) For some A # 0,

(iii) For some A # 0,

f(z) = % =z+1,ie.
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And it’s conjugate to

— >

b6 D66

So f conjugate to g where g(z) = z + 1.

Theorem 17. Any non-identity Mobius map is conjugate to one of
(i) z— vz, v#0,1

(i) z—2z+1.

Corollary 8. A non-identity Mdbius map f has either
(i) 2 fixed points or

(ii) 1 fixed point.

Proof. Suppose gfg~' = h. Then « is a fixed point of f (i.e. f(a) = «) if and only if
g(a) is a fixed point of h (i.e. h(g(a)) = g(a)). So number of fixed points of f is the
same as the number of fixed points of h. By Theorem 17 either,

e f conjugate to z — vz which has 2 fixed points: 0, co.

e or f conjugate to z — z + 1 which has 1 fixed points; co.

8.1 Circles in C,

A Euclidean circle is the set of points in C given by some equation
|z — 20| =, r > 0.
A Euclidean line is the set of points in C given by some equation
|z —al =z —b]

A circle in Co is either a Euclidean circle or a set L U{oco} where L is a Euclidean line.
Its general equation is of the form

AzZz+Bz+Bz+C =0
for some A,C € R, |B|?> > AC. Where z = cc is a solution if and only if A = 0.
e A=0: line
e (' =0: goes through origin

There is a unique circle passing through any 3 distinct points in C.
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[ Theorem. Let f € M and C a circle in Co,, then f(C) is a circle in C. 1

Proof. By proposition 13, just need to consider f(z) = az, z + b or % Let Sa,B,c be

circle defined by (%). Then
f(z) =az:Sapc v SajaaB/ac
f(z)=z4b:5aB.c " Sy p_apc+Ab-Bo—Bb

1 —
f(z):;::w:SA,B,C»—)A-I—Bw—I—Bw-I—Bw-l-wa:O:SaEA

e.g. Consider the image of R U {oo} under
fz) =

zZ—1
2+

It is a circle in Cy containing

f(0) = =1, f(o0) = 1, f(1) = —i

So f(RU {oc}) = unit circle. Furthermore, complimentary components are mapped to
complimentary components.

8.2 Cross-Ratios

-

Definition 23. The cross-ratio of distinct points 21, 29, 23, 24 € C is defined by

(21 — 23)(22 — 24)

21,29, 23, 24| =
[ ) #2523 ] (21—22)(23—24)
[007227Z3Jz4] = (Z2 i
(23 — 24)
_ (s —2)
[Zla x0z3, 24] - (23 — Z4)
(21— 23)
[Z17227Z37OO] - (Zl — 22)
zZ9 — 24
[21, 22, 00, 24] = —ﬁ
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Note [0, 1,w, o0] = w.

Notation. Different authors use different permutations of 1, 2, 3, 4 as definition.

Theorem. Given zq, 29, 23, 24 € Cy distinct and wq, ws, w3, ws € Cy distinct then
there exists f € M such that f(z;) = f(w;) if and only if

[21, 22, 23, 24] = (w1, W2, w3, wa).

In particular, Mobius maps preserve cross-ratios

21, 22, 23, 24] = [f(21), [(22), f(23), f(24)]-

Proof. For the forward direction, suppose f(z;) = w; and z;, w; # oo for all i and

then cz; + d # 0Vj. So

czj +d)(czp +d)
w1, Wa, w3, wa)

= [f(21), f(22), f(23), f(24)]

= [21, 22,23, 24] =

Need to check other cases; z; = 00, w; = f(oo = & etc.
For the other direction, suppose that
[217 22, %3, 24] - [wla w2, ws, W4]

Let g € M such that g(z1) = 0, g(z2) = 1 and g(z4) = oco. Let h € M such that
h(wi) =0, h(w2) =1, h(ws) = co. Then

( ) 07179(23) ]
9(21), 9(22), 9(23), g(24)]

w1 wg,W3,W4]

h(wi), h(ws), h(ws), h(ws)]

[
=
= (21, 22, 23, 24]
=
=
=[0,1, ( ), 0] = h(ws)

So h~lg is the required map. ]
So [z1, 22, 23, 24] = f(z3) where f is the unique M6bius map that sends z1 +— 0, z3 — 1,
24 —r OO.
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Corollary. z, 29, 23, 24 lie in some circle in C if and only if [z1, 29, 23, 24] € R.

Proof. C circle through z1, 22, 24, Let g : C — RU {o0},
9(21) = 0,9(22) = 1,9(24) = o0
9(23) = [07 179(23)7 OO]

= [9(21), 9(22), 9(23), 9(24)]
= [21, 22, 23, 24]

By Theorem 19. So

[21,2:2,2:3,2’4] ER «— 9(23) ER «— z3 €.

THE END
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